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This paper presents an overview of the mathematical programming
approach for process synthesis. First, the methods for process synthesis
are reviewed with an emphasis on algorithmic methods. The mathe-
matical programming approach is covered next in a discussion of basic
concepts on representations for synthesis, modeling of mixed-integer
nonlinear programming (MINLP) problems, MINLP algorithms, and
solution strategies. As is shown, these four components are basic ele-
ments in the algorithmic methods for process synthesis. Also, it is
shown, both through the derivation of methods and their application
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to several examples, that MINLP optimization has reached a stage
where it can solve practical problems of significant size. Finally, sev-
eral future directions of research are also discussed.

l. Introduction

A major step in process synthesis has been its formalization through the
mathematical programming approach (Grossmann, 1990ab; Grossmann and
Daichendt. 1994). Major motivations include the increased need for the auto-
mation of the synthesis process and the need to explore a larger number of
alternatives at the preliminary stages of design in order to improve the econom-
ics and other design criteria. In this paper we provide a comprehensive overview
of the algorithmic approach to process synthesis, particularly the one that relies
on the use of MINLP optimization.

This paper is organized as follows. We first present an extensive overview
of previous work in process synthesis, emphasizing algorithmic methods. Next,
we outline the major steps that are involved in the mathematical programming
approach: representation of alternatives, mathematical modeling, and solution of
the corresponding mathematical programming problem, which in general in-
volves a mixed-integer nonlinear programming (MINLP) problem. For the for-
mer step, we discuss several major alternative representations that can be used,
and clarify the use of representations at different levels of abstraction, particu-
larly superstructures and aggregated models. We then concentrate on the mod-
eling, highlighting the usefulness of propositional logic for deriving discrete
constraints. Next, we give a unified presentation of the major MINLP algorithms
that have emerged, emphasizing their common features. Then we discuss the
role of solution strategies to address difficulties with zero flows, large-scale
problems, and nonconvexities. Finally, several example problems are presented
to illustrate some of the major points in this paper. The paper concludes with a
discussion of future research directions.

Il. Overview of Previous Work
A. PROCESS FLOWSHEETS

Reviews on earlier developments in the area of process synthesis can be
found in Hendry er al. (1973), Hilavacek (1978), and Nishida er al. (1981). In
the late sixties, work began to develop a systematic approach to process syn-
thesis based mostly on the use of decomposition and heuristic rules (Rudd and
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Watson, 1968; Rudd, 1968; Masso and Rudd, 1969). Algorithmic methods for
selecting the optimal configuration from a given superstructure also began to be
developed through the use of direct search methods for continuous variables
(Umeda et al., 1972; Ichikawa and Fan, 1973) as well as branch and bound
search methods (Lee et al., 1970).

In terms of process flowsheets, the first computer-aided process synthesizer
for generating initial structures, AIDES [Adaptive Initial DEsign Synthesizer],
was developed by Rudd and his students (Siirola er al., 1971; Siirola and Rudd.
1971; Powers, 1972); using a high level representation of tasks, it relied on the
use of heuristics and linear programming, which were coordinated through a
means—ends-analysis search. The second computer-aided process synthesizer to
be developed was BALTAZAR (Mahalec and Motard, 1977a,b). It also relied
on heuristics and linear programming, and used a tree search within the frame-
work of theorem proving. Neither AIDES nor BALTAZAR incorporated equip-
ment costs directly, but they employed heuristics as indicators of economic
performance.

The current state of flowsheet synthesis is represented by two different ap-
proaches: (1) hierarchical decomposition (Douglas, 1985, 1988, 1990) and its
computer implementation PIP [Process Invention Procedure}, (Kirkwood er al.,
1988) and (2) mathematical programming (Grossmann, 1985, 1990a,b) and its
initial computer implementation in PROSYN {PROcess SYNthesizer], (Kravanja
and Grossmann, 1990). It has been pointed out (Rippin, 1990) that these two
approaches are concerned with different aspects of design and can be regarded
as complementary.

The hierarchical decomposition technique breaks the synthesis procedure into
five discrete decision levels: (1) batch versus continuous, (2) input/output struc-
ture of flowsheet, (3) recycle structure and reactor considerations, (4) separation
systems, and (5) heat exchanger network. At each decision level beyond the
first, the economic potential of the project is evaluated and a decision is made
whether or not further work on the project is justified. This method utilizes
heuristics, short-cut design procedures, and physical insight to develop an initial
base-case design. This approach is motivated by Douglas’ claim that only 1%
of all designs are implemented in practice; thus this screening procedure avoids
detailed evaluation of most alternatives. Relying on heuristics, this approach
cannot rigorously produce an optimal design; and although heuristics often lead
to good designs, they are fallible (e.g., see Fony6 and Mizsey, 1990). Further-
more, owing to the sequential nature of the flowsheet synthesis, interactions
among the design variables at the various decision levels may not be properly
accounted for, as it is necessary to solve for them simultaneously. For instance,
Duran and Grossmann (1986a) and later Lang et al. (1988) have shown that
simultaneous optimization and heat integration of flowsheets generally produces
significant improvements in the profit compared to the sequential approach. De-
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spite these shortcomings, hierarchical decomposition provides a useful approach
for generating an initial flowsheet and alternatives (i.e., a base-case design and
superstructure). And, when coupled with the concept of simultaneous synthesis
of the complete flowsheet, it also provides a framework for decomposing the
synthesis problem into a hierarchy of detailed and aggregated models; it is there-
fore simpler to solve than the entire flowsheet, while still reflecting the presence
of downstream tasks.

The mathematical programming approach utilizes optimization techniques to
select the configuration and parameters of the processing system (Grossmann,
1985, 1990a,b). A superstructure containing alternative processing units and in-
terconnections is modeled as discrete, binary variables (0-1) to depict the ex-
istence (1) or nonexistence (0) of that unit. Initially, the synthesis of total process
systems (chemical plant, heat exchanger network, utility plant) was formulated
as a mixed-integer linear program (MILP) (Papoulias and Grossmann,
1983a.b.c). To explicitly handle the nonlinearities in process models, the outer-
approximation algorithm for MINLP has been developed and successively re-
fined (Duran and Grossmann, 1986b; Kocis and Grossmann, 1987, Viswanathan
and Grossmann, 1990). It is now widely available in the program DICOPT+ +
within the modeling system GAMS (Brooke et al., 1988). This algorithm par-
titions the problem into two parts: (1) an NLP subproblem, where the continuous
variables for a single flowsheet configuration are initially optimized and then
the remaining alternative substructures are suboptimized for the given flows; (2)
linearization of the nonlinear equations to obtain an MILP master problem,
which then determines a new optimal flowsheet configuration (i.e., new set of
binary variables) for the next NLP subproblem.

For convex MINLP problems (Duran and Grossmann, 1986b), the NLP op-
timization yields an upper bound for a cost-minimization problem while the
MILP yields a lower bound. Thus, when the values of the objective functions
for both problems are identical (or they cross), the global optimal solution is
obtained. For the more general nonconvex MINLP problem (Viswanathan and
Grossmann, 1990), the algorithm terminates when no improvement in the NLP
objective function is obtained. In this case one cannot ascertain whether a local
or the global optimal solution is obtained. This is because the linearizations of
nonconvex equations may cut off portions of the feasible region, including the
global optimal solution. Although the algorithm provides a reasonable degree
of reliability for finding the global optimum, it can get trapped in a poor local
solution (Daichendt and Grossmann, 1993a,b). The algorithmic approach pre-
supposes that a superstructure is available or can be generated. At present, de-
pending on the problem formulation, the number of binary variables needed to
model the superstructure places an upper bound to the size of the problem that
can be solved. It should also be noted that in order to address the MINLP
optimization of process flowsheets more effectively, Kocis and Grossmann
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(1989b) developed the modeling/decomposition (M/D) strategy in which the
basic objective is to solve NLP subproblems pertaining only to the existing part
of the superstructure. This strategy not only avoids the solution of NLP problems
of larger dimensionality, but also reduces such numerical difficulties as singu-
larities that arise in the case of nonexisting units with zero flows. The M/D
strategy has been implemented in PROSYN and extended in various ways by
Kravanja and Grossmann (1994).

B. REVIEW OF SUBSYSTEM SYNTHESIS

Most of the research work in process synthesis has concentrated on the study
of subsystems in which a major emphasis has been the management of energy.
Pinch analysis has been widely used for setting design targets (see Linnhoff,
1993, for a recent review). However, recent efforts have been directed to the
better understanding of synthesis issues in nonideal separation systems (Van
Dongen and Doherty, 1985; Doherty and Cardarola, 1985) and reaction systems
(Glasser et al., 1987).

1. Heat-Exchanger Network Synthesis

Heat-exchanger network synthesis (HENS) is by far the most developed tech-
nique, and many methods and software packages are available for it. An exten-
sive review can be found in Gundersen and Naess (1988). The discovery of the
heat-recovery pinch (Umeda et al., 1979; Linnhoff ef al., 1982), which is derived
through thermodynamic analysis, provided the basis for the advancements in
developing synthesis techniques for HENS. The most widely used method, com-
monly known as ‘‘pinch technology’ (Linnhoff and Hindmarsh, 1983), relies
on the use of targets (energy, number units, area) and is based on a user-driven
approach. SUPERTARGET and ADVENT are two major pieces of software
implementing this approach. As for algorithmic methods, there has been a grad-
ual evolution from LP/MILP/NLP methods, which are based on targets (Cerda
and Westerberg, 1983; Papoulias and Grossmann, 1983b; Floudas et al., 1986,
Colberg and Morari, 1990; Gundersen and Grossmann, 1990), to simultaneous
MINLP models in which networks are automatically synthesized and energy,
area, and number of units are optimized simultaneously (see Yee and Gross-
mann, 1990; Ciric and Floudas, 1991). Examples of software include MAG-
NETS for the target-based methods and SYNHEAT for the simultaneous
MINLP. Also, the utility target for the HENS problem has the advantage that
it can be effectively represented in an aggregated form (Duran and Grossmann,
1986a), and thus can be embedded within other synthesis models to perform
simultaneous optimization. It should also be noted that the ideas of pinch anal-
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ysis are being expanded beyond heat-exchanger networks to include total sites
and assessment of environmental problems (see Linnhoff, 1993, for a review).
Also, an important related problem is that of synthesis of utility systems (Pa-
poulias and Grossmann, 1983a: Colmenares and Seider. 1987) and synthesis of
integrated refrigeration systems (Shelton and Grossmann, 1986a,b).

2. Distillation Sequencing

A general review on distillation synthesis can be found in Westerberg (1985)
and Floquet er al.. (1988). The synthesis of simple separation sequences based
on heuristics is fairly well developed. Enumeration search methods (dynamic
programming, branch-and-bound) have been proposed by Hendry and Hughes
{1972) and Gomez-Mufioz and Seader (1985), while evolutionary search pro-
cedures have been described by Stephanopoulos and Westerberg (1976), Seader
and Westerberg (1977) and Nath and Motard (1981).

Thermodynamic analysis of the effect of composition on the work of sepa-
ration has been used to suggest nonconventional ways (i.e., nonsharp splits) of
separating mixtures by distillation (Petlyuk er al, 1965). Further work in this
area provides sequencing heuristics (Gomez-Mufioz and Seader, 1985). Graph-
ical techniques (Carlberg and Westerberg, 1989a,b) have been developed that
provide insight into the heat flows of these complex columns. An evolutionary
synthesis strategy has been proposed (Koehler er al., 1992) that decomposes the
problem into a selection of sequences based on decision factors starting from
an initial superstructure. Then the sequence is further refined by considering the
introduction of side-stream strippers and enrichers.

Complete thermodynamic analysis. based on reversible distillation, takes into
account the effects of finite temperature and composition driving forces as well
as nonuniform heat distribution and hydraulic resistance (Fony6, 1974a.b). The
effect of nonuniform heat distribution (i.e., adiabatic distillation) can be miti-
gated by the introduction of intercoolers/interheaters (Terranova and Westerberg,
1989; Dhole and Linnhoff, 1992).

Algorithmic formulations for heat-integrated distillation sequence synthesis
involving simple columns (Rathore er al., 1974a.b; Andrecovich and Wester-
berg, 1985a,b: Kakhu and Flower. 1988: Floudas and Paules, 1988) have been
developed as well as a graphical approach using the pinch design method (Smith
and Linnhoff, 1988). A more accurate thermodynamic targeting model has re-
cently been reported by Wahnschafft er al. (1993). In addition, work on super-
structure optimization has been performed for synthesizing complex columns
(Sargent and Gaminibandara, 1976: Eliceche and Sargent, 1986; Rigg, 1991).
The synthesis of systems involving multiple feeds and mixed products has also
been considered (Floudas, 1987, Wehe and Westerberg, 1987; Quesada and
Grossmann, 1995a).
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As for the synthesis of azeotropic columns, most of the developments have
been based on geometric representations with residue curves (Doherty and Car-
darola, 1985; Knight and Doherty, 1989; Van Dongen and Doherty, 1985).
Guidelines have also been developed by Stichlmair et al. (1989), some of which
Laroche et al. (1992) have questioned as general synthesis rules. Finally, Wahn-
schafft et al. (1992) have developed the program SPLIT, which is based on a
ruled-based system and evolutionary search method.

3. Mass-Exchange Networks

Motivated by applications in waste recovery systems, El-Halwagi and Man-
ousiouthakis (1989a,b, 1990) have considered the problem of synthesizing mass-
exchange networks. For the simpler case in which concentration targets are
specified for single components, interesting analogies can be drawn with the
heat-exchanger network problem, both in terms of the pinch point (El-Halwagi
and Manousiouthakis, 1989a) and in terms of the MILP transshipment model
(El-Halwagi and Manousiouthakis, 1990). For the case of concentration speci-
fications for multiple components, the synthesis problem becomes more complex
and must be formulated as an MINLP problem (El-Halwagi and Manousiou-
thakis, 1989b; Papalexandri et al, 1993). Bagajewicz and Manousiouthakis
(1992) have extended the representation of mass-exchange networks for synthe-
sizing heat-integrated distillation columns. These authors use a ‘‘state-space”’
approach for avoiding a simultaneous superstructure optimization, and they in-
corporate the constraints by Duran and Grossmann (1986a) for the pinch location
method to represent the heat integration. A simultaneous MINLP model has
been proposed recently by Papalexandri et al. (1993).

4. Reactor Network Synthesis

Synthesis of reactor networks poses a more difficult modeling problem as
these must usually be described by differential-algebraic equations. Compared
to HENS and distillation systems, however, the combinatorial part in reactor
networks tends to be smaller. Heuristic-based approaches are generally limited
to simple reactions. Reactor networks have been synthesized using a superstruc-
ture representation of serial recycle reactors without bypass for isothermal and
nonisothermal reactors (Chitra and Govind, 1985a,b). A geometric approach,
based on reactor trajectories, describes the attainable region of composition
space generated by reaction and mixing for isothermal, constant-density systems
(Glasser et al,, 1987), and was later extended to include adiabatic, variable-
density systems (Hildebrandt er al, 1990). An algorithmic procedure using a
constant-dispersion model has been discussed (Achenie and Biegler, 1986). Sub-
sequent work converted the synthesis problem into an optimal control problem
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(Achenie and Biegler, 1988) and to an MINLP optimization problem (Kokossis
and Floudas, 1991). Recent work has relied on targeting models (Balakrishna
and Biegler, 1992a) in which a reactor network representation is based on a
segregated mixing zone and multiple zones of maximum mixedness (multiple-
compartment model), that taking advantage of the methods developed by Glasser
et al. while overcoming the dimensional constraints by using two-dimensional
projections of the multidimensional composition space. The simple segregated
model is proposed as an initial solution. which can be posed as an LP and
checked for global optimality. If it is not optimal, an iterative scheme is invoked
that increases the complexity of the model by adding the first maximal-mixed-
ness compartment. then checks to see if this more complex model can extend
the attainable region. This method has also been extended to consider simulta-
neous heat integration (Balakrishna and Biegler, 1992b) using the aggregated
model by Duran and Grossmann (1986a). Glavic et al. (1988) have developed
thermodynamic criteria for the appropriate placement of reactors in a process
flowsheet. Also. Omtveit and Lien (1993) have extended the representation of
the attainable region so as to account for recycles in flowsheets.

lli. Mathematical Programming Approach

From the review given in the previous section, it is clear that a significant
number of synthesis models have been developed that are based on mathematical
programming. It follows that the process synthesis problem can generally be
stated as follows: Given specifications of input and of output streams—which
may correspond to raw materials and desired products in flowsheets or simply
to process streams in subsystems (e.g., heat-exchanger networks)—the problem
consists in integrating a process system that will convert the inputs into desired
outputs so as to meet desired specifications while optimizing a given objective
or goal function.

The synthesis of such a system involves the selection of a configuration or
topology, as well as its design parameters. One has to determine which units
should integrate the system and how they should be interconnected, as well as
the sizes and operating conditions of the units. The former clearly imply making
discrete decisions, while the latter imply making a choice within a continuous
space. Thus, from a conceptual standpoint the synthesis problem corresponds to
a nonlinear discrete/continuous optimization problem which mathematically
gives rise to an MINLP problem.

In general, the major steps involved in approaching this problem are as fol-
lows:
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Step 1. Postulate a representation of alternatives whose embedded designs
are candidates for a feasible and optimal system.
Step 2. Model representation in step 1 as the MINLP problem

min Z = f(x,y)
st. A(xy) =0 (MINLP)

gxy) <0
x e X yeY

Here y represents a vector of 0-1 variables that denote the potential
existence of units (0-not included, 1-included), while x represents a
vector of continuous variables which correspond, for instance, to ma-
terial/heat flows, pressures, temperatures, and sizes of equipment.

Step 3. Obtain the optimal design embedded in the representation by solving
the corresponding MINLP problem.

It is important to note that the representation of alternatives can be specified
at various levels of detail. The two extreme cases are superstructures and ag-
gregate models. Superstructures are relatively detailed representations of a pro-
cess in which the potential existence of units and streams of a flowsheet are
explicitly considered. Aggregate models are representations at higher levels of
abstraction in which the synthesis problem is simplified by the use design targets
(e.g. minimum utility, maximum yield). This may often simplify the mathe-
matical programming problem, reducing the MINLP to a nonlinear programming
(NLP), mixed-integer linear programming (MILP), or linear programming (LP)
problem. Of course, several levels of abstraction are often possible for a given
synthesis problem.

Umeda et al. (1972) were probably among the first authors to advocate the
optimization of superstructures for process synthesis. At that time, however, the
problem was formulated as a nonlinear programming problem involving only
continuous variables, and solved with direct-search techniques. Next, Papoulias
and Grossmann (1983c) formulated the simultaneous synthesis of total systems
as a mixed-integer linear programming problem in order to explicitly handle
0-1 variables, and resorted to standard branch-and-bound computer codes. It is
not until very recently, however, that algorithmic developments have al-
lowed synthesis problems to be explicitly formulated as MINLP problems
(Duran and Grossmann, 1986¢; Kocis and Grossmann, 1989b; Viswanathan and
Grossmann, 1988). As for the targeting approach, Cerda and Westerberg (1983)
and Papoulias and Grossmann (1983b) were among the first to develop aggre-
gated models for heat integration (LP transportation and LP transshipment mod-
els) with the objective of minimizing utility cost. Other targeting models include
the ones proposed by El-Halwagi and Manousiouthakis (1989a) for mass-
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exchange networks, and the one by Balakrishna and Biegler (1992a) for reactor
networks.

The two crucial steps in the approach just described are step 1, for generating
the representation of alternatives, and step 3, for solving the MINLP problem.
As it turns out, however. step 2 is also extremely important because the way in
which one models MINLP problems can have a great impact on the performance
of the algorithms. In the next sections, we will discuss the three major steps in
the optimization methodology.

IV. Representation of Alternatives

In order to formulate the synthesis problem as an optimization problem, one
has to develop a representation of alternatives that will systematically consider
the candidates for the optimal solution. Developing an appropriate representation
ts clearly of paramount importance. as the optimal solution can be only as good
as the representation being used.

We consider superstructure representations first. In general, these can be ex-
plicit or implicit. The former generally give rise to networks while the latter
give rise to trees. As an example. consider the separation of a single feed of
four components, A.B,C, and D, into pure products. As is well known (Hendry
and Hughes. 1972). the alternative separation sequences consisting of sharp split-
ters can be represented through the tree shown in Fig. 1. This tree representation
lends itself to decomposition where the alternatives can be enumerated implicitly
through a branch-and-bound search. However, in using this representation, the
MINLP problem must be converted into the separable discrete optimization
problem over the discrete space Y, i = 1, ..., m:

m

Z = m‘in z C,('\,)
i i=1

Yi

m

S.t. Eg,'j(_\',') < aj. j = l, s (1)
=1

Y, EYp, i=1,.,m

This requires that continuous variables be selected independently at each node
of the tree, often leading to suboptimal solutions even if the branch-and-bound
search is performed rigorously. Also, although fewer nodes may be examined
in the tree with the use of heuristics, this increases the likelihood of obtaining
suboptimal solutions.

On the other hand. consider the network representation shown in Fig. 2 that
is implied by the MILP model of Andrecovich and Westerberg (1983). Here, in
contrast to the tree, every node corresponds to a distinct separator. Furthermore,
alternative sequences can be represented by using the same subset of nodes [e.g..
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. C
D
A
A A
B B
c
D D C

F1G. 1. Tree representation of separation sequence.

sequence | (A/BCD, B/CD, C/D) and sequence 2 (AB/CD, A/B, C/D) share the
node C/D]. Using this network representation is more compact for modeling the
problem explicitly as an MINLP problem. The advantage here is that the optimi-
zation can be performed rigorously because the continuous variables can be
optimized simultaneously with the selection of the configuration. The disadvan-
tage is that one loses the capability of performing the straightforward decom-
position that is possible with the tree. It will be shown later in the paper, how-
ever, that one can still resort to more sophisticated decomposition schemes to
rigorously solve the MINLP problem for the network.

Thus, from the above discussion, it follows that network representations that
are explicitly modeled as MINLP problems provide a more general and rigorous
framework for the optimization.

The next question we address is how to actually postulate or derive the su-
perstructures. As experience—our own and that of other researchers—has
shown, this is an easier task for homogeneous systems than for heterogeneous
systems. An example is the network in Fig. 2, although it is restricted to sharp
separations. We can, however, extend this representation to separation problems
involving mixed products, with single feed columns that allow the possibility
of bypasses and nonsharp splits as shown in Fig. 3 (see Floudas and Anasta-
siadis, 1988; Quesada and Grossmann, 1995a).
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As an additional example of an homogeneous system, consider the synthesis
of heat-exchanger networks. Here, one possible representation that allows for
systematic stream splitting and mixing is shown in Fig. 4. In this superstructure
each exchanger unit corresponds to a potential match of pairs of streams. By
activating the appropriate exchangers and setting flows to zero, all network con-
figurations can be generated (see Floudas et al., 1986; Ciric and Floudas, 1988).
A different representation is given in Fig. 5. Here the superstructure for the
network is represented by a sequence of stages where all potential stream
matches can take place in each stage (Yee ef al., 1990a). Although this super-
structure is more restricted, it has the advantage that, under assumptions of
isothermal mixing, no flow variables are required in the MINLP and all the
constraints become linear. Also, in this representation one can easily control the
complexity of the network by imposing constraints to disallow the splitting of

streams.
{H1-C1 m -
b\
H1 _ Cl —» -
HZ i

y
H2-C2 ) H2-C2

FiG. 4. Superstructure for heat-exchanger network proposed by Floudas et al. (1986).
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Fi. 5. Superstructure for heat exchanger networks proposed by Yce er al. (1990a).

In the previous examples, a one-to-one correspondence exists between the
units and the tasks (e.g.. in Fig. 2 each node performs a particular separation
task). It is possible, however. to develop more general superstructure represen-
tations in which a one-to-many relationship exists between the units and the
tasks. An example of a one-to-many relationship is the superstructure for sep-
aration shown in Fig. 6: proposed by Sargent and Gaminibandara (1976), this
superstructure accommodates sharp splits and has the Petlyuk column embedded
as an alternative design. Note, for instance, that column 1 does not have a
prespecified separation task. From this example it is clear that superstructures
that have one-to-many relationships between units and tasks tend to be richer
in terms of embedded alternatives. On the other hand, the more restricted one-
to-one superstructures tend to require simpler MINLP models that are quicker
to solve.

Aggregated models, or higher-level representations of superstructures, can be
developed to deal with simplified design objectives or targets. Here again, the
example par excellence is the heat-exchanger network problem, where the tar-
gets for minimum utility cost and minimum number of units can be respectively
modeled as LP and MILP transportation (Cerda and Westerberg, 1983) or trans-
shipment problems (Papoulias and Grossmann. 1983b). Figure 7 shows the heat
cascade representation used in the transshipment model for predicting the min-
imum utility cost. This representation. which is simply given in terms of heat
flows across temperature intervals, has been shown by Daichendt and Gross-
mann (1993a) to be an aggregation of the superstructure of Fig. 5 by Yee et al.
(19902).

When the stream data are variable (flowrates and temperatures), the utility
target problem can be modeled as a system of inequalities (see Duran and Gross-
mann, 1986a); and when only the flowrates are variables, it can be represented
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Fic. 6. Sargent-Gaminibandara superstructure.
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FiG. 7. Heat cascade of transshipment model proposed by Papoulias and Grossmann (1983a,b.c).
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by the transportation or transhipment equations (see Papoulias and Grossmann,
1983c: Andrecovich and Westerberg, 1985b). But while these representations
clearly simplify the synthesis problem. they do not provide all the information
to automatically synthesize a network.

The systematic development of superstructures for heterogeneous systems is,
in principle, a more difficult task. Consider, for instance a process flowsheet
that is composed of reaction, separation, and heat integration subsystems. In
theory. one could develop a superstructure by combining the superstructures for
each subsystem. However, this approach could lead to a very large MINLP
optimization problem.

Therefore. one approach is to assume that some preliminary screening has
been performed (e.g., through heuristics) in order to postulate a smaller number
of alternatives in the superstructure (Kocis and Grossmann, 1989b). While this
approach seems restrictive, it does provide a systematic framework for analyzing
specific alternatives at the level of tasks. As an example, consider the synthesis
of an ammonia plant. A preliminary screening would indicate that the following
major options: for the reactor. multibed quench or tubular; for separation of
product, flash condensation or absorption/distiliation; for recovery of hydrogen
in purge. membrane separation or cryogenic separation. Figure 8 displays the
superstructure for these alternatives. This superstructure has embedded at least
eight different configurations.

As this example indicates. generating superstructures for heterogeneous sys-
tems based on specific alternatives at the level of tasks is actually not a very
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Fi1G. 8. Superstructure for ammomia process.
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FiG. 9. Simultaneous optimization and heat integration.

difficult task. Another approach to developing synthesis models for heteroge-
neous systems is to use an aggregated representation for one of the subsystems
in order to facilitate the simultaneous optimization of the entire system. For
instance, this approach has been applied in the simultaneous optimization and
heat integration of flowsheets in which utility loads, rather than a network struc-
ture, are predicted for the latter (see Fig. 9). In the work by Papoulias and
Grossmann (1983c¢), the heat integration was represented through the transship-
ment model with variable flows, while in the work by Duran and Grossmann
(1986a). Lang et al. (1988), and Balakrishna and Biegler (1992b), the heat in-
tegration is represented through a set of inequalities that are a function of var-
iable flows and temperatures. Interestingly, the largest benefit of this approach
is the fact that the simultaneous strategy yields designs exhibiting greater profit
and overall conversion than those observed in sequential strategies. Sequential
strategies tend to produce suboptimal solutions since interactions and trade-offs
cannot be accounted for properly by designing each subsystem one after another.

Finally, it should be noted that one of the other approaches being examined
for heterogeneous systems relies on physically based representations for reaction
and mass and heat transfer, which are commonly treated as aggregated models.
Also, Friedler er al. (1991, 1992, 1993) have provided graph-theoretic algo-
rithms to systematically derive superstructures for process networks, given a list
of unit operations and process streams.

V. MINLP Modeling

Once a representation for the candidate designs has been developed, the next
step involves the modeling of the MINLP optimization problem. The major
feature in such models is the modeling of discrete decisions, typically with
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0-1 variables. For most applications it suffices to assign these variables to each
potential unit in the superstructure as the interconnecting streams are activated
or deactivated according to the selection of units. There are, however, cases
when it is also necessary to assign 0-1 variables to the streams.

The handling of 0-1 variables allows the specification of constraints that are
extremely relevant for synthesizing practical flowsheet structures. Typical ex-
amples include the following:

(a) Multiple choice constraints for selecting among a subset of units I:
Select only one unit:

Select at most one unit:

\g
-
IA
-
)
2

Select at least one unit:

> vzl (4)

{b) If-then conditions:
If unit & is selected, then unit i must be selected:
AVEE (5)

In addition. 0-1 variables can be related to activate or deactivate continuous
variables, inequalities, or equations. As an example, consider the condition for
the continuous variable x:

fy=1->L<x<U, ify=0-x=0
which can be modeled through the constraint
Ly < x £ Uy (6)

This constraint is often used in conjunction with linear cost models with fixed
cost charges, which again requires the use of 01 variables:

C=oaov+ a0 (7)
Ly < x < Uy
While deriving integer constraints like those outlined above is not too difficult
a task. deriving others can be more complex. The modeling of integer and
mixed-integer constraints can, however, be facilitated by the use of propositional

logic. It has been shown by a number of authors (e.g., Williams, 1988; Cavalier
and Soyster, 1987) that virtually any propositional logic statement can be trans-
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lated into a set of 0-1 inequalities by the systematic application of rules. For
this, one must consider how basic logical operators can each be transformed
into an equivalent representation in the form of an equation or inequality. These
transformations are then used to convert general logical expressions into an
equivalent mathematical representation (Cavalier and Soyster, 1987; Cavalier et
al., 1990).

Consider logic propositions that are composed of literals P; which represent
a given selection or action. To represent the truth of that literal, a binary variable
v; is assigned. The negation or complement of P; (—P)) is given by 1 — v,. The
logical value of true corresponds to the binary value of 1 and false corresponds
to the binary value of 0. The basic operators used in propositional logic and the
representation of their relationships are shown in Table I. From this table, it is
easy to verify, for instance, that the logical implication P; \/ P, reduces to the
inequality in (4).

With the basic equivalent relations given in Table I (e.g., see Williams, 1988),
one can systematically model an arbitrary propositional logic expression that is
given in terms of OR, AND, IMPLICATION operators, as a set of linear equal-
ity and inequality constraints. One approach is to systematically convert the
logical expression into its equivalent conjunctive normal form representation,
which involves the application of pure logical operations (Raman and Gross-
mann, 1991). The conjunctive normal form is a conjunction of clauses, Q; /\
Q, /\ -+ /\ Q,. Hence, for the conjunctive normal form to be true, each clause
@, must be true independent of the others. Also, since a clause Q; is just a
disjunction of literals, P, \/ P, \/ -~ \/ P, it can be expressed in the linear
mathematical form as the inequality.

vtyt oo ty2l (8

The procedure to convert a logical expression into its corresponding conjunctive
normal form was formalized by Clocksin and Mellish (1981). The systematic
procedure consists of applying the following three steps to each logical propo-
sition:

(1) Replace the implication by its equivalent disjunction,

Pi=>P, & -P\/P )

(2) Move the negation inward by applying DeMorgan’s theorem:
“(P,\Py) & -P\/-P, (10)
~P,\V/P) o -P/A\-P, an

(3) Recursively distribute the OR over the AND by using the following
equivalence:

Py, ANP)Y)\/ Py & (P\/ P) N\ (Py\/ Ps) (12)
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Logical Boolean Representation as
relation Comments expression linear inequalities
Logical OR [ORVE SRVACRVE & yE oty 2]

Logical AND PAAP /AN -AP, vz
vzl
v, 21
Implication P, =P, =P\ P =yt w2zl
Equivalence Py if and only if P, (=P N/ Pay AN (=P N\ Py Y=
(P, = PN (P, = P))
Exclusive OR Exactly one of the propositions is true PN/ Py\y N/ P, vit vt ooy, =1
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Once each logical proposition has been converted into its conjunctive normal
form representation, Q; /\ O, /\ =+ /A Q,, it can be easily expressed as a set
of linear equality and inequality constraints.

As an example, consider the logic condition ‘‘if the absorber is selected or
the membrane separator is selected, then do not use cryogenic separation.”” As-
signing the Boolean literals to each action P, = select absorber, Py; = select
membrane separator, Pcg = select cryogenic separation, the logic expression is
given by

PAV/ Py = —Pcs (13)
Removing the implication as in (9) yields
~(Po\/ Pm) VV —Pcs (14)
Applying De Morgan’s Theorem as in (10) leads to
(=Pa /\ =Py) \/ =Pcs (15)
Distributing the AND over the OR gives
(=P \/ =Pcs) N\ (=Py \/ —Pcs) (16)

Assigning the corresponding 0—1 variables to each term in the above conjunction
and using (8), we get

L=ya+ 1 —yes21 (17)
1_yM+1_—yCSZI
which can be rearranged to the two inequalities
Ya t yes S 1 (18)

ym T yes <1

Finally, it is important to emphasize that the way one models an MINLP can
have a great impact on the performance of the MINLP algorithm. A simple
example is the logical constraint x — Uy £ 0, where large values of U reduce
the lower bound in the LP-based branch-and-bound search. This phenomenon
has been widely recognized in the field of integer programming (e.g., see Wil-
liams, 1988; Nemhauser and Wolsey, 1988). The above procedure based on
systematically deriving constraints from propositional logic will generally tend
to produce well-posed constraints. For example, one logical constraint that may
arise in a multiperiod problem states that installing a given unit (z = 1) implies
that the unit can operate in any of the m time periods (y; = 1,i = 1, 2, ..., m):

Sy — mz<0 (19)
i=1
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This constraint simply states that if z = 0, no operation of the unit is possible
in the m time periods, while if = 1, operation in any of the m periods is
possible. While (19) is a *‘legitimate’’ constraint, it turns out that its equivalent
representation by the set of inequalities

vy, — 250 i=1,..m 20)

which can be derived from the logic proposition ‘'If unit operates in period 1,
in period 2. ... or in period m, then select unit,”” is a much more effective way
to model the above logic condition. This is because its relaxation with contin-
uous variables v; yields extreme points, all with O-1 values, which greatly re-
duces the computations in the branch-and-bound solution method.

The observations on modeling discussed above have led to the theoretical
study in integer linear programming of facets of 0-1 polytopes for which al-
gorithms are starting to emerge. These algorithms can systematically generate
these types of constraints and reformulate a *‘badly’’ posed problem to improve
its LP relaxation. (See, for example, Crowder et al., 1983) for unstructured 0
| linear problems. Van Roy and Wolsey (1987) and Balas et al. (1993) for
MILP problems. and Schrijver (1986) for a review of the theoretical concepts.)

In MINLP. however, there is the additional complication that nonlinearities
can often be formulated in many different, but equivalent, ways: and, as ex-
pected. this can have a great impact on the performance of MINLP algorithms,
particularly with respect to the nonconvexities of the nonlinear constraints.

In general, the three major empirical guidelines for a “*good’™ MINLP for-
mulation are as follows:

1. Keep the problem as linear as possible.
2. Develop a formulation whose NLP relaxation is as tight as possible.
3. If possible. reformulate the MINLP as a convex programming problem.

The motivation behind these guidelines requires some basic understanding of
the MINLP algorithms which we will cover in the section on algorithms. It
should be noted also that a new modeling and solution framework for discrete
optimization is emerging that is based on disjunctive programming (Floudas and
Grossmann. 1994). Some of these ideas will be covered later in the paper.

A. ExampLE OF A MINLP MobpEeL

To illustrate some of the modeling guidelines, we consider in this section the
MINLP model for the synthesis of heat-exchanger networks by Yee and Gross-
mann (1990). which uses as a basis the superstructure in Fig. 5. The notation
that will be used is as follows. Process streams are divided into two sets. set
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HP for hot streams represented by index i and set CP for cold streams repre-
sented by index j. Index k is used to denote the superstructure stages given by
the set ST. Indices HU and CU correspond to the heating and cooling utilities,
respectively. Also, the following parameters and variables are used in the for-
mulation:

Parameters:
TIN = inlet temperature of stream TOUT = outlet temperature of stream

F = heat capacity flow rate U = overall heat transfer coefficient
CCU = unit cost for cold utility CHU = unit cost of hot utility

CF = fixed charge for exchangers C = area cost coefficient

B = exponent for area cost NOK = total number of stages

Q) = upper bound for heat exchange I' = upper bound for temperature difference
Variables:

dt; = temperature approach for match (i,j) at temperature location k
drcu; = temperature approach for the match of hot stream i and cold utility
dthu; = temperature approach for the match of cold stream j and hot utility
g = heat exchanged between hot process stream i and cold process stream j in stage k
gcu; = heat exchanged between hot stream i and cold utility
ghu; = heat exchanged between hot utility and cold stream j
t;x = temperature of hot stream / at hot end of stage k
1 = temperature of cold stream j at hot end of stage &
z; = binary variable to denote existence of match (i)) in stage k
zcu; = binary variable to denote that cold utility exchanges heat with stream /
zhu; = binary variable to denote that hot utility exchanges heat with stream j

With the above definitions, the formulation can now be presented.

(a) Overall heat balance for each stream: An overall heat balance is needed to
ensure sufficient heating or cooling of each process stream. The constraints
specify that the overall heat transfer requirement of each stream must equal the
sum of the heat it exchanges with the other process streams at each stage plus
the exchange with the utility streams:

(TIN; — TOUT)F; = », > qu + gcw; i € HP

kEST jECP

Y, qu +ghy  jECP

kEST i€HP

(2D

(b) Heat balance at each stage: An energy balance is also needed at each stage
of the superstructure to determine the temperatures. Note that for the two-stage
superstructure shown in Fig. 5, three temperatures, ¢, are required. Temperatures
for the streams are highest at temperature location £ = 1 and lowest at k£ = 3.
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By assuming isothermal mixing, no variables are required for the flows, thus
avoiding the introduction of bilinear constraints for the heat balances:

Uix = tig-))Fi = 2 ik ke ST, i€ HP

Jjece (22)
“j.k - t/}A+l)F/ = 2 ik k & ST, ]E CP

iEHP

(¢) Assignment of superstructure inlet temperatures: Fixed supply temperatures
(TIN} of the process streams are assigned as the inlet temperatures to the su-
perstructure. In Fig. 5, for hot streams, the superstructure inlet corresponds to
temperature location k = 1, while for cold streams, the inlet corresponds to
location k = 3.

TIN; = 1;, (23)
TIN; = fnok+1

(d)y Feasibility of temperatures: Constraints are also needed to specify a mon-
otonic decrease of temperature at each successive stage. In addition, a bound is
set for the outlet temperatures of the superstructure at the respective stream’s
target temperature. Note that the outlet temperature of each stream at its last
stage does not necessarily correspond to the stream’s target temperature since
utility exchanges can occur at the outlet of the superstructure.

Tig 2 lige ke ST, i€ HP

Lx 2 L ke ST, jeCP (24)
TOUT,; € #;noK +1 i € HP
TOUT; 2 1;, jECP

(e) Hot and cold utility load: Hot and cold utility requirements are determined
for each process stream in terms of the outlet temperature in the last stage and
the target temperature for that stream. The utility heat load requirements are
determined as follows:

(’i,NOK+l - TOUT,)F, = qcy; { € HP
(25)
(TOUT; — 1;)F; = qhy,

J

jecp

(f) Logical constraints: Logical constraints and binary variables are needed to
determine the existence of process match (i) in stage k¥ and also any match
involving utility streams. The O-1 binary variables are represented by z;; for
process stream matches, zcu; for matches involving cold utility and zhu; for
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matches involving hot utility. An integer value of 1 for any binary variable
designates that the match is present in the optimal network. The constraints then
are as follows:

g — Q<0 i EHP, jECP, k€&ST

gey; — Qzen; <0 i € HP 26)

Zijks Z€0;, Zhy; = 0,1

(g) Calculation of approach temperatures: The area requirement of each match
will be incorporated in the objective function. Calculation of these areas requires
that approach temperatures be determined. To ensure feasible driving forces for
the exchangers selected in the optimization procedure, the binary variables are
used to activate or deactivate the following constraints for approach tempera-
tures:

dt,jk < ti,k - tj.k -+ F(l - Zijk) k e ST, i € HP, j (S CP

dtygry S tigrr — tixr + T = z) ke ST, i€ HP, j& CP

@7
dtCll,- < fiNOK+1 — TOUTCU + F(l - zcu,-) i € HP

dthy; < TOUTyy — 1, + T(1 — zhu) jE€CP

Note that these constraints can be expressed as inequalities because the cost of
the exchangers decreases with higher values for the temperature approaches dr.
Also, the role of the binary variables in the constraints is to ensure that non-
negative driving forces exist for a selected match. When a match (i,j) occurs in
stage k, z; = 1 and the constraint becomes active so that the approach tem-
perature is properly calculated. However, when the match does not occur, z;;
= (), and the contribution of the upper bound I" on the right-hand side renders
the constraint inactive. Note that the upper bounds can be set to zero for the
utility exchangers since, for the data given, all the temperature differences are
always positive. Also, one can specify a minimum approach temperature so that
in the network, the temperature between the hot and cold streams at any point
of any exchanger will be at least TMAPP:

dt;; > TMAPP (28)

(h) Objective function: Finally, the objective function can be defined as the
annual cost for the network. The annual cost involves the combination of the
utility cost, the fixed charges for the exchangers, and the area cost for each
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exchanger. LMTD, which is the driving force for a countercurrent heat ex-
changer, 1s approximated using the Chen approximation (1987):

LMTD ~ [(dr] * dr2) * (dil + di2)y21'"

This approximation is used to avoid the numerical difficulties of the LMTD
equation when the approach temperatures for both sides of the exchanger are
equal. Furthermore, when the driving force on either side of the exchanger
equals zero, the driving force will be approximated to zero. The objective func-
tion is defined as follows:

min > CCU gcuy, + 2. CHU ghy;

Enp JECP
+ Z 2 2 CFyz + Z CF, cuzey; + 2 CF, quzhy,
i€EHP jECP kEST ) {EHP JjECP
B
+ E 2 E Cilgu/(Ul(dty dryp o )dty + d’zyk+|)/2]”3)] .

{EHP jECP kEST

+ E Ciculgew(U; cul{dreu,TOUT; — TIN¢y) (29)

{CHP

{drcy; + (TOUT,; — TINCU)}/Z]IB)]BLCU
+ §;P Chu lghu /(U {(dihu(TINyy — TOUT))
je

{dihy, + (TINyy — TOUT,}/2]") 7MY
where

1 1 I

Ui h hy

1

The MINLP model for the synthesis problem consists of minimizing the
objective function in (29) subject to the feasible space defined by egs. (21)-
{28). The continuous variables (7. ¢, ghu, gcu. dt, drcu, drhu) are non-negative
and the discrete variables 2, rcu, zhu are 0-1. The advantage of this model is
that the constraints (21)—(28) are all linear. The nonlinearities have ail been
placed in the objective function (29). However, it should be noted that since
these terms are nonconvex, the MINLP may lead to local optimal solutions.

It should be noted that the simplifying assumption of isothermal mixing at
the stage outlets for the stream splits is rigorous for the case when the network
to be synthesized does not involve stream splits. For structures where splits are
present. the assumption may lead to an overestimation of the area cost since it
will restrict trade-offs of area between the exchangers involved with the split
streams. In this case, one possibility is to refine the temperatures by introducing
flow variables in the selected network structure and perform the corresponding
optimization through an NLP model similar to the one given above.
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Finally, an interesting feature of the MINLP model is that it is possible to
add constraints to avoid generating structures with stream splits. This is accom-
plished simply by requiring that not more than one match be selected for every
stream at each stage; that is,

> <l JjECPkEST
iEHP (30)

> <l iEHPkEST
JjECP

VI. MINLP Algorithms

A. BASIC ALGORITHMS

While there is a vast body of literature on LP, NLP, and integer LP with
special structures, MINLP has received much less attention. In part, the expla-
nation for this is that MINLP has been traditionally regarded as a very difficult
problem because it is an NP-hard problem (Nemhauser and Wolsey, 1988) that
is prone to combinatorial explosion. In our view, however, it is a mistake to
regard these problems as ‘‘unsolvable.”” The applications for MINLP are ex-
tremely rich; moreover, with current methods and technology, one can already
solve problems of significant size and complexity. Furthermore, with advances
in new algorithms and computer architectures, it is reasonable to assume that
over the next decade we will see increases in the order of magnitude of sizes
of problems that can be currently solved. Several examples of successful solution
to optimality of integer programs of very large size can be found, for instance,
in Crowder et al. (1983), Van Roy and Wolsey (1987), and Balas er al. (1993).

Our objective in this section is to provide a general overview of the basic
MINLP algorithms, emphasizing their fundamental ideas and properties.

The most basic form of an MINLP problem when represented in algebraic
form is as follows (equations are temporarily excluded):

min Z = f(x,y)
s.t. gi(xy) <0 jeJ P
x € X, yeY

where f(:), g(-) are convex, differentiable functions, and x and v are the contin-
uous and discrete variables, respectively. The set X is commonly assumed to be
a compact set, e.g. X = {x | x € R", Dx < d, x" < x < x"}; the discrete set ¥
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is a polyhedral set of integer points, Y = {y | y € Z", Ay < a}, which in most
applications is restricted to 0-1 values, y € {0,1}". In most applications of
interest the objective and constraint functions f{-), g(-) are linear in y (e.g., fixed
cost charges and logic constraints).

Methods that have addressed the solution of problem (P;) include the branch-
and-bound method (BB) (Gupta and Ravindran, 1985, Nabar and Schrage, 1991;
Borchers and Mitchell, 1992), the generalized Benders decomposition (GBD)
method (Geoffrion, 1972), the outer-approximation (OA) method (Duran and
Grossmann, 1986¢: Yuan er al., 1988; Fletcher and Leyffer, 1994), the LP/NLP-
based branch-and-bound method (Quesada and Grossmann, 1992), and the ex-
tended cutting-plane (ECP) method (Westerlund and Pettersson, 1992).

There are three basic NLP subproblems that can be considered for problem
(P‘ ).

{a) NLP relaxation:
min Z{ 5 = f(x,y)
s.togi(x ) <0 jEeJ
xeX y e Yy (NLP1)
¥ s Olf i € I,I\:‘L
Vi s Bf S [kéu

where Y, is the continuous relaxation of the set Y, and I5y. Ity are index subsets
of the integer variables v, i € I, which are restricted to lower and upper bounds,
of, B at the kth step of a branch-and-bound enumeration procedure. Note that
of =V B =1y 1 < k m < k where are y\, ¥" noninteger values at a
previous step.

Also note that if fi, = Ity = &, k = 0. then (NLP1) corresponds to the
continuous NLP relaxation of (P1); otherwise. it corresponds to the kth step in
a branch-and-bound search. Also, the optimal objective function Z0s provides
an absolute lower bound to (P1); for m > k, the bound is only valid for
I;[. C . ﬂﬁf C Iy.

(b) NLP subproblem for fixed y*:
min Z{ = flx)")
st.gxah)s0  jed (NLP2)
reX

which clearly yields an upper bound Z{; to (P1), provided (NLP2) has a feasible
solution (which may not always be the case).
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(c) Feasibility subproblem for fixed y*.

Yp
min | >, max [0, {g;(x, y)}’] (NLPF)

xex |j€s

which for the 1-norm (p = 1) leads to

min 5

JET

st.gxy)<s,  jEJ (NLPF-1)
x€X, s€ER, jeEJ
where s; are slack variables.
For the infinity-norm (p = %) problem (NLPF) yields,
min u
st.gxy)<su jET (NLPF-o)
x € X u € R'

The new predicted values y* (or (y*, x¥)) are obtained from a cutting-plane
MILP problem that is based on the K points, (x*, ¥), k = 1, ..., K generated at
the K previous steps:

min Zf = « (M-MIP)
Lk
st 2 fEY + VAT ;_;‘k
y k=1,..K
X R
gy + Vg (kT [y—-yk <0 je/t

xEX, y€E€Y, a€R

where Z{ yields a valid lower bound to problem (P1). This bound is nonde-
creasing with the number of linearization points K.

The different methods can be classified according to the use of the subprob-
lems (NLP1), (NLP2), and (NLPF) and the specific specialization of the MILP
(M-MIP) (see Fig. 10). Note that in cases (b) and (d), (NLPF) is used if infea-
sible subproblems are found.

1. Branch and Bound

The BB method (Gupta and Ravindran, 1985; Nabar and Schrage, 1991;
Borchers and Mitchell, 1992) starts by solving first the continuous NLP relax-
ation. If all discrete variables take discrete values, the search is stopped. Oth-
erwise, it performs a tree search in the space of the integer variables y, i € |,



200 IGNACIO E. GROSSMANN

Tree
. NLP1
Enumeration
(a) Branch and bound
NLP2 »{ Evaluate
M-MiP M-MIP
‘ ‘__J
(b) GBD, OA (c) ECP
M-MIP NLP2

(d) LP/NLP based branch and bound

FiG. 10. Major steps in the different algorithms.

and solves a sequence of relaxed NLP subproblems of the form (NLP1) which
yield lower bounds: fathoming of nodes occurs when the lower bound exceeds
the current upper bound. or when all integer variables v; take on discrete values.
This method is attractive only if the NLP subproblems are relatively inexpensive
to solve. or only few of them need to be solved. This could happen either when
the dimensionality of the discrete variables is low or when the continuous NLP
relaxation of (P1) is tight.

2. Outer Approximation

The OA method (Duran and Grossmann, 1986¢: Yuan et al., 1988; Fletcher
and Leyffer. 1994) arises when NLP subproblems (NLP2) and MILP master
problems (M-MIP) with J* = J are solved successively in a cycle of iterations
to generate the points (x*, v*). The (NLP2) subproblems yield an upper bound
that corresponds to the best current solution. UB* = min (Z}). The master
problems (M-MIP) yield a non-decreasing sequence of lower bounds (Z{ since
linearizations are accumulated as seen in (M-MIP). The cycle of iterations is
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stopped when the lower and upper bounds are within a specified tolerance. Also,
if infeasible NLP subproblems are found, the feasibility problem (NLPF) is
solved to provide the point x* (commonly NLPF— o). The OA method generally
requires relatively few cycles or major iterations. It trivially converges in one
iteration if f(x,y) and g(x,y) are linear. It is also important to note that the MILP
master problem need not be solved to optimality. In fact, given the upper bound
UBX and a tolerance e, it is sufficient to generate the new (yX x) by solving

mnZf=0-q« (M-MIPF)
st. a < UB — ¢

a = (k) + V Rk yHT [j :;Z

k=1,...K
x—x*
y=y
x€X yeY, o €ER'

g(hyY + V g5 yHT <0

3. Generalized Benders Decomposition

The GBD method (Geoffrion, 1972) is similar to the OA method. The dif-
ference arises in the definition of the MILP master problem (M-MIP). In the
GBD method, only active inequalities are considered J* = {i/g; oty = 0}
and the set x € X is disregarded. As shown in Quesada and Grossmann (1992),
(M-MIP) reduces to a problem projected in the y-space:

min Zf = «
s.t. o 2 f(xk,yk) + Vyf(xk,yk)T( y—yk) (M-GBD)
+ (WHTg(4YY + VethHT (v k € KFS
M\ gy + Ve (M1 <0 kEKIS
yEY, x € R'

where KFS is the set of feasible subproblems (NLP2) and KIS is the set of
infeasible subproblems whose solution is given by (NLPF—). Also, | KFS U
KIS l = K. As has been shown by Duran and Grossmann (1986c), the lower
bounds of the OA method are greater than or equal to those of the GBD method.
For this reason, GBD commonly requires a larger number of cycles or major
iterations. As the number of 0-1 variables increases, this difference becomes
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more pronounced; therefore user-supplied constraints must be added to the mas-
ter problem to strengthen the bounds (Sahinidis and Grossmann, 1991a). As has
been shown by Sahinidis and Grossmann (1991b), GBD converges in one it-
eration once the optimal (x*, y*) has been found when problem (P1) has zero
integrality gap. Also, Turkay and Grossmann (1994) have proved that perform-
ing one Benders iteration on the MILP master of OA is equivalent to a GBD
iteration.

4. Extended Cutting Plane

The ECP method (Westerlund and Pettersson, 1992), which is an extension
of Kelly's cutting plane algorithm for convex NLP (Kelley, 1960), does not rely
on the use of NLP subproblems and algorithms. It relies only on the iterative
solution of the problem (M- MIP) by successively adding the most v101ated con-
straint at the predicted point (b o= {j!] € arg {max;; g; (x*% }. Con-
vergence is achieved when the maximum constraint violation lies within the
specified tolerance. The optimal objective value of (M-MIP) yields a nonde-
creasing sequence of lower bounds. Note that since the discrete and continuous
variables are converged simultaneously, a large number of iterations may be
required. Also, the objective must be defined as a linear function.

5. LP/NLP-Based Branch and Bound

This method (Quesada and Grossmann, 1992) avoids the complete solution
of (M-MIP) at each major iteration. The basic idea consists of performing an
LP-based BB method for (M-MIP), solving NLP subproblems (NLP1) at those
nodes in which feasible integer solutions are found. By updating the represen-
tation of the master problem in the open nodes of the tree with the addition of
the corresponding linearizations. one eliminates the need to restart the tree
search. This method can be applied both to OA and GBD methods, and com-
monly reduces quite significantly the number of nodes enumerated. The trade-
off. however, is that the number of NLP subproblems may increase. Computa-
tional experience has indicated that the number of NLP subproblems often
remains unchanged. Also, Leyffer (1993) has reported substantial savings with
this method.

B. ExTENSIONS OF MINLP METHODS

In this section, we present an overview of some of the major extensions of
the methods presented in the previous section.
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1. Quadratic Master Problems

For most problems of interest, problem (P1) is linear in y: f(x,y) = ¢(x) +
cTy, g(x,y) = h(x) + By. When this is not the case Fletcher and Leyffer (1994)
suggest including a quadratic approximation to (M-MIPF) of the form

T
1 [x—xX 2 x—x

I + 2epr K K
min Z° = a + 3 (y—yK> VLG y) (v—yk>

st.a SUBX — ¢ (M-MIQP)

x—xk
y=y*

a2 fohyh) + VAT

k=1, .,K

Y ;
g0y + v g(x‘lyk)T[)vC_;ck <0

x€EX yey, a €ER'

where V2£(xX, y¥) is the Hessian of the Lagrangian of the last NLP subproblem.
Note that Z* does not predict valid lower bounds in this case. As noted by Ding
and Sargent (1992), who developed a master problem similar to M-MIQP, the
quadratic approximations can help to reduce the number of major iterations since
an improved representation of the continuous space is obtained. This, however,
comes at the price of having to solve an MIQP instead of an MILP. Note also
that using (M-MIQP) for convex fix,y) and g(x,y) leads to rigorous solutions
since the outer approximations remain valid.

2. Reducing the Dimensionality of the Master Problem in OA

The master problem (M-MIP) can be rather large in the OA method. One
option is to keep only the last linearization point, but this may lead to noncon-
vergence even in convex problems (e.g., see Bremicker et al., 1990). A rigorous
reduction of dimensionality without greatly sacrificing the strength of the lower
bound can be achieved in the case of the ‘‘largely’’ linear MINLP problem

min Z = a'w + r{v) +cTy
<
st. Dw +t(v) + Cy <0 (PL)
Fw+ Gv+ Ey<bh
we W, ve v, yeY

where (w, v) are continuous variables and r(v) and #(v) are nonlinear convex
functions. As shown by Quesada and Grossmann (1992), linear approximations
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to the nonlinear objective and constraints can be aggregated with the following
MILP master problem:

min Z8 = a'w + 8 + ¢ (M-MIPL)
sLB2 N + ST Dw + 10N + O — TG k=1,..K
Fw + Gv + Ev<b
wE W, vEV, vevy, g e R

Numerical results have shown that the quality of the bounds is not greatly de-
graded with the above MILP, as might happen if GBD is applied to (PL).

3. Incorporating Cuts

One way to expedite the convergence in the OA and GBD algorithms when the
discrete variables in problem (P1) are 0-1 is to introduce the following integer
cut, which has as an objective to make infeasible the choice of the previous
0-1 values generated at the K previous iterations (Duran and Grossmann,
1986¢):

Svi— 2 w<IBl -1 k=1 ..K (INTCUT)

iE€Bt IENK
where B* = {i | Vo= 1}, M= {i]|y =0}, k=1 .. K This cut becomes
very weak as the dimensionality of the 01 variables increases. However, it has
the usetul feature of ensuring that new 0-1 values are generated at each major
iteration. In this way, the algorithm will not return to a previous integer point
when convergence is achieved. With the above integer cut, the termination takes
place as soon as Z;X > UB*. Also, in the case of the GBD method it is sometimes
possible to generate multiple cuts from the solution of an NLP subproblem in
order to strengthen the lower bound (Magnanti and Wong, 1981).

4. Handling of Equalities

For the case when linear equalities of the form A(x, ¥) = 0 are added to (P1),
there is no major difficulty since these are invariant to the linearization points.
If the equations are nonlinear, however, there are two difficulties. First, it is not
possible to enforce the linearized equalities at K points. Second, the nonlinear
equations may generally introduce nonconvexities. Kocis and Grossmann (1987)
proposed an equality relaxation strategy in which the nonlinear equalities are
replaced by the inequalities

T*Vh(, yk)Tk:ﬁ <0 (31
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where T = (£}, and £ = sign (\") in which A is the multiplier associated
with the equation A x, y) = 0. Note that if these equations relax as the ine-
qualities A(x, y) < 0 for all y, and h(x, y) is convex, this is a rigorous procedure.
Otherwise, nonvalid supports may be generated. Also, note that in the master
problem of GBD, (M-GBD), no special provision is required to handle equations
since these are simply included in the Lagrangian cuts of (M-GBD). However,
difficuities similar to those in OA arise if the equations do not relax as convex
inequalities.

5. Handling of Nonconvexities

When f(x,y) and g(x,y) are nonconvex, two difficulties arise. First, the NLP
subproblems (NLP1), (NLP2), and (NLPF) may not have a unique local opti-
mum solution. Second, the master problem (M-MIP) and its variants (e.g.,
M-MIPF, M-GBD, M-MIQP) do not guarantee a valid lower bound ZLK ora
valid bounding representation with which the global optimum may be cut off.
Two approaches can be used to address this problem: either assume a special
structure in the MINLP problem and rely on methods for global optimization
(Floudas and Grossmann, 1994); otherwise, apply a heuristic strategy to try to
reduce the effect of nonconvexities as much as possible. We will describe only
the second approach here, with the objective of reducing the effect of convexities
at the level of the MILP master problem.

Viswanathan and Grossmann (1990) proposed introducing slacks in the MILP
master problem to reduce the likelihood of cutting off feasibie solutions. This
master problem (augmented penalty/equality relaxation) (APER) has the follow-
ing form:

K
min Z¥ = o + D, whpt + whell (M-APER)
k=1

x—x*
k
Y-y

<pr Y k=1,..K

quj

Svi— 2 v<Bl-1 k=1 ..K
iEBk iENk

stoa 2 f(h Y9 + VAT

K
TR T Y,
(x",) Y=

x—xk

gy + Ve hT oyt

x€EX veYy, a €ER, pk,quO
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where wt w* are weights that are chosen sufficiently large (e.g.. 1000 times

magnitucfe o% Lagrange multiplier). Note that if the functions are convex, the
MILP master problem (M-APER) predicts rigorous lower bounds to (P1) since
all the slacks are set to zero. It should also be noted that the program
DICOPT+ + (Viswanathan and Grossmann, 1990), which is currently the only
MINLP solver that is commercially available (as part of GAMS; Brooke et al.,
1988). is based on the above master problem. This code also uses the relaxed
(NLP!) to generate the first linearization for the above master problem, so the
user need not specify an initial integer value. Also, since bounding properties
of (M-APER) cannot be guaranteed, the search for nonconvex problems is ter-
minated when there is no further improvement in the feasible NLP subproblems.
Clearly. this is a heuristic, but one that works reasonably well in many problems.

It should also be noted that another modification to reduce the undesirable
effects of nonconvexities in the master problem is to apply global convexity
tests, followed by a suitable validation of linearizations. One possibility is to
dpply the test to all linearizations with respect to the current solution vector (y*,
x%) (Kravanja and Grossmann, 1994). The convexity conditions that have to be
verified for the linearizations are as follows:

f(\,k VY Vf(r‘ yA)T

k
Xpg—X
K il O < E\
YTV

T*Vh(E N5 X

W <e b k=1,...K—1 (GCT)
VTV

(¥ )y + Vet | <€

&
A I\Tf‘l\ X
3

where € is a vector of small tolerances (e.g.. 107'%). Note that the test is omitted
for the last linearizations since these are always valid for the last solution point
(v*, x*). Based on this test, a validation of the linearizations is performed so
that the linearizations for which the above verification is not satisfied are simply
dropped out from the master problem. This test relies on the assumption that
the solutions of the NLP subproblems are approaching the global optimum,
and that the successive validations are progressively defining valid feasibility
constraints around the global optimum. Also note that if the right-hand-side
coefficients of linearizations are modified to validate the linearization, the test
corresponds to the one in the two-phase strategy by Kocis and Grossmann
(1988). Since in the latter case the violated linearizations are just shifted to
widen the feasible region around the past solutions and not dropped out as in
the former case, the nonconvexities tend to affect the MILP more than in the
former case.
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C. LogIic-BASED METHODS

One current trend is to represent linear and nonlinear discrete optimization
problems by models consisting of algebraic constraints, logic disjunctions, and
logic relations (Balas, 1985; Beaumont, 1991; Raman and Grossmann, 1993,
1994). In particular, the mixed-integer program (P1) can also be formulated as
a generalized disjunctive program, as has been shown by Raman and Grossmann
(1994):

minZ=22cik + f(x)
T X

s.t. g(x) €0 (DP1)
Y,

V hp(x) <0 k€ SD

e Cik = Yik
QYY) = true

x ER, c € R", Y € {true, false}”

in which Y, are the Boolean variables that establish whether a given term in a
disjunction is true [Au(x) < 0] or false [Au(x) > 0], while (X(Y) are logical
relations assumed to be in the form of propositional logic involving only the
Boolean variables. Y, are auxiliary variables that control the part of the feasible
space in which the continuous variables x lie, and the variables c; represent
fixed charges which are activated to a value vy, if the corresponding term of the
disjunction is true. Finally, the logical conditions, {}(Y), express relationships
between the disjunctive sets. In the context of synthesis problems the disjunc-
tions in (DP1) typically arise for each unit i in the following form:

Y; "‘Yi
hx) S0\ | Bx=0 32)
¢ =i =0

in which the inequalities /; apply and a fixed cost v; is incurred if the unit is
selected (Y)); otherwise (—Y,), there is no fixed cost and a subset of the x vari-
ables is set to zero with the matrix B'. An important advantage of the above
modeling framework is that there is no need to introduce artificial parameters
for the “‘big-M’’ constraints that are normally used to model disjunctions. In
the latter part of the next section, we will discuss methods for solving problems
that are posed in logic form.

When the nonlinear discrete optimization problem is formulated as the general-
ized disjunctive program in (DP1), one can develop a corresponding logic-based
branch-and-bound method. The basic difference is that the branching is performed
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directly on the disjunctions. While in the linear case branch-and-bound algorithms
for solving (DP1) can be attractive (e.g.. see Beaumont, 1991: Raman and Gross-
mann, 1994), for the nonlinear case they present some difficulties: first, because it
is generally not trivial to develop a valid surrogate for the disjunctions that will
effectively bound the relaxed solution (problem (DP1) without disjunctions);
and second, because it is often not possible to reduce the dimensionality of the
relaxed NLP subproblems. This can cause difficulties in structural flowsheet
optimization problems as ‘‘dry’” units with zero flow must then be handled,
which often leads to singularities. Therefore, we consider only the corresponding
OA and GBD algorithms for problems expressed in the form of (DP1).

As described in Turkay and Grossmann (1994), for fixed values of the Bool-
ean variables. ¥, = true and Y, = false, the corresponding NLP subproblem
is as follows:

min Z = 2 z ey + flx)
i k

s.t. g(x) <0 (NLPD)

Ci = i 3 — .
{h,‘k(l‘) < O} for Yy = true k€ SD

~

¢ = 0 for Yy, = false i # 1

X E R, ¢c ER"
Note that only constraints corresponding to Boolean variables that are true are
imposed. Also, fixed charges vy, are only applied to these terms. Assuming that
K subproblems (NLPD) are solved in which sets of linearizations [ =1....,K are

generated for subsets of disjunction terms L(ik) = {/ ] Yik = true}, one can
define the following disjunctive OA master problem:

minZ:ZZL‘ik+a
i k

stoa 2 f) + VT = )

l=1,..K (MDP1)
gxh + Vehx — ) <0
Yi
Vo ) + Vhy!hT o = x) <0 1€ LGk | k€ SD
ey Cit = Yik
Q(Y) = true

a0 €ER xER', ¢c€ER" YE& [true, false}”
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It should be noted that before applying the above master problem, it is necessary
to solve various subproblems (NLPD) so as to produce at least one linear ap-
proximation of each of the terms in the disjunctions. As shown by Turkay and
Grossmann (1994), selecting the smallest number of subproblems amounts to
the solution of a set-covering problem. In the context of flowsheet synthesis
problems, another way of generating the linearizations in (MDP1) is by starting
with an initial flowsheet and suboptimizing the remaining subsystems as in the
modeling/decomposition strategy (Kocis and Grossmann, 1989b; Kravanja and
Grossmann, 1990).

The above problem (MDP1) can be solved by the methods described by
Beaumont (1991) and by Raman and Grossmann (1994). It is also interesting
to note that, for the case of flowsheet synthesis problems, Turkay and Gross-
mann (1994) have shown that if the convex hull representation of the disjunc-
tions in (32) is used to convert (MPD1) into an MILP problem, then assuming
B’ = I and converting the logic relations {}(Y) into the inequalities Ay < a,
it becomes equivalent to the master problem of the modeling/decomposition
strategy:

min Z; = «

s.t.

a2 o+ )+ VR =D b
gxh) + Ve T (x = 1) <0
VaDT x < [—h(H) + VRO X1y, 1€K, i€D, k€SD
Av<a
x €E R, c20, y € {0, 1}"

in which the linearizations for the constraints 4;(x) < 0 are ‘‘deactivated’’ when
y; = 0. Also, Turkay and Grossmann (1994) have shown that, while a logic-
based GBD method cannot be derived as in the case of the OA algorithm, one
can nevertheless determine for the MILP version of the master problem
(MIPDF) one Benders iteration, which then yields a sequence similar to the
GBD method for the algebraic case. Finally, it should also be clear that slacks
can be introduced to (MDP1) and to (MIPDF) to reduce the effect of noncon-
vexities as in the augmented-penalty MILP master problem (M-APER).

D. CoMPUTATIONAL EXAMPLE

In order to provide some insight into the computational performance of the
MINLP algorithms described in the last section, we consider the following ex-
ample problem:



210 IGNACIO E. GROSSMANN

min Z = v, + 1.5y, + 0.5y; + &7 + x3
s.t (x, — 27 ~x,<0
Xy — 2.\'] =20
X — x4l —y)<0
Xy _(1 _\’])20 (33)
Xo ™ ¥ =20
Xt x> 3wy
ity a2l
0<x €4, 0<x<4
VoY V3 = 0.1
Note that the nonlinearities involved in problem (33) are convex. Figure 11
shows the convergence of the OA and the GBD methods to the optimal solution
using as a starting point ¥; = v, = v; = 1. The optimal solution is Z = 3.5,
with vy = 0, v, = 1. y3 = 0, x;, = 1, x, = 1. Note that the OA algorithm
requires three major iterations, while GBD requires four, and that the lower
bounds of OA are much stronger.

Table IT presents a set of 15 test problems that were used in the comparison
of GBD with OA as implemented in DICOPT (Kocis and Grossmann, 1989a)

Objective function
10}
Upper bound
5} o-u-.-‘nou. GBD
-‘.......::‘.'D
0 9 I.Ower '....._’.m-.
bound p...------------"ﬂ' Lower bound
5t OA s GBD
'
-0} ..,n.
’l
4
-15 ¢ _a"
20f /
a
1 > 3 P Iterations

F1G. 11. Progress of iterations of OA and GBD for MINLP in problem (33).



TABLE II
TeST PROBLEMS FOR COMPARISON OF GBD, OA, AND AP/QOA/RP

Variables Optimum value

Problem Type Continuous 0-1 Total Benders DICOPT DICOPT+ +
LAZAMY Nonconvex 5 2 7 —333.89 ~333.89 —333.89
HW3 Convex 2 3 5 3.50 3.50 3.50
HW74 Convex 7 3 10 -1.92 -1.92 -1.92
NONCON Nonconvex 2 3 5 7.67 7.67 7.93
FLEX Convex 11 4 15 ~7.08 —7.08 ~7.08
FRENCH Convex 7 4 11 4.58 4.58 4.58
EX3 Convex 25 8 33 68.01 68.01 68.01
BATCHHW Convex 10 9 19 106,755.80 106,756.00 106,755.80
TESTIA Nonconvex 44 12 56 287,169.70 287,168.70 83,637.70
BATCHS5 Convex 22 24 46 285,506.50 285,507.00 285,506.50
EX4 Convex 5 25 30 —8.06 —8.06 —8.06
REL1 Nonconvex 20 28 48 294.80 2,449.40 216.50
UTIL Nonconvex 112 28 140 999.70 1,004.51 999.55
BATCHS Convex 32 40 72 402,496.70 406,145.00 402.,496.70
BATCH12 Convex 40 60 100 4,230,000 2,687,026 2,687,026
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and with the augmented penalty/equality relaxation version of OA (AP/OA/RP)
as implemented in DICOPT+ + (Viswanathan and Grossmann, 1990), which is
currently implemented in the modeling system GAMS. The size of these prob-
lems is relatively small. As seen in Table III, when there is a smaller number
of 0-1 variables (less than 20), the performance of GBD is comparable to that
of the OA methods. In fact, DICOPT+ + requires more time because of the
initialization step of solving the relaxed NLP subproblem. For a larger number
of 0-1 variables (last five problems). the requirements of GBD greatly increase
while the OA algorithms require a similar number of major iterations (between
3 and 5). Also. from Table Il it can be seen that DICOPT (original OA) is most
likely to fail to find the global optimum in nonconvex problems (e.g., RELI,
UTIL). while DICOPT+ + exhibits the greatest robustness in finding near-op-
timal solutions. It should also be noted that the CPU time in DICOPT is com-
monly the smallest because it often terminates prematurely owing to the higher
lower bounds mistakenly predicted in nonconvex problems.

The solution of significantly larger MINLP problems has been reported in
the literature. For instance, Viswanathan and Grossmann (1990) reported the
solution with DICOPT+ + of the superstructure optimization of the HDA pro-
cess (see Section VIIL, Fig. 17) which involved 13 0-1 variables, 709 continuous
variables, and 719 constraints. DICOPT + + obtained the solution in three major
iterations requiring 482 seconds on an IBM-3090. Also, Viswanathan and Gross-

TABLE HI
TEST PROBLEMS FOR COMPARISON OF GBD, OA. aAND OP/OA/RP

Iterations CPU Time
Problem Benders DICOPT DICOPT++  Benders DICOPT DICOPT+ +

LAZAMY

HW3 3 2 1 454 1.40 2.26
HW74 4 3 3 14.73 2.24 9.76
NONCON 4 2 + 3.48 1.58 4.32
FLEX 2 2 ! 152 1.00 0.42
FRENCH 4 3 3 373 294 431
EX3 8 5 4 8.34 6.19 7.03
BATCHHW 8 3 5 10.94 4.00 45.56
TESTIA 5 3 3 5.62 3.68 34.60
BATCHS 2 2 4 14.97 11.88 93.96
EX4 67 4 3 766.88 33.62 26.94
REL1 70 3 5 394.81 41.51 100.87
UTIL 19 2 3 71.31 392 20.78
BATCHS 63 3 3 532.17 9.84 41.99
BATCHI2 >66* 5 + 2527.20 141.61 108.58

*Seurch stopped after 66 iterations.
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mann (1993) reported the solution with DICOPT++ of the optimal feed tray
and number of plates in a distillation column for the separation of methanol and
water. The model involved 115 0-1 variables, 1683 continuous variables, and
1919 constraints. DICOPT+ + converged in seven major iterations and required
about 70 minutes on an HP-9000/730 workstation. It is also interesting to note
that significantly larger MILP problems have been solved in the area of sched-
uling (e.g., see Sahinidis and Grossmann, 1991a; Pinto and Grossmann, 1994).

Vil. Solution Strategies for MINLP Synthesis Problems

In principle, the solution of an MINLP synthesis model can be obtained with
the algorithms described in the previous section (e.g., OA or GBD algorithms).
There are, however, three major difficulties that have to be addressed when
attempting to solve these problems:

» Zero flows in process flowsheets
* Large size of MINLP problems
* Nonconvexities

A. HANDLING ZERO FLOWS

The modeling/decomposition (M/D) strategy proposed by Kocis and Gross-
mann (1989b) s largely motivated by the need to simplify the solution of the
NLP and MILP problems. It reduces the undesirable effect of nonconvexities
and eliminates the optimization of ‘*dry units’® with zero flows which are tem-
porarily turned off in the superstructure. The solution of the NLP is simplified
by optimizing only the particular flowsheet at hand, instead of optimizing it
within the superstructure, as implied by problem (NLP2). The MILP solution is
simplified by incorporating an approximation to the particular flowsheet only at
each iteration. Finally, the effect of nonconvexities is reduced by special mod-
eling techniques.

In the M/D strategy the basic idea is to first recognize that a flowsheet su-
perstructure can be viewed as a network consisting of two types of nodes: in-
terconnection nodes (splitters and mixers) and process unit nodes (reactors, sep-
arators). In brief, the modeling is then performed as follows. Since
interconnection nodes play a crucial role in defining the flowsheet structures and
since they exhibit well defined equations, special modeling techniques can be
applied to these nodes. In particular, splitters and mixers that imply the choice
of a single alternative can be modeled through linear constraints, thus avoiding
the nonconvexities associated with the use of split fractions (see (41)~(42) in



214 IGNACIO E. GROSSMANN

Section VIL.C). When multiple choices are possible, one can, in fact, develop
valid linear outer approximations that properly bound the nonconvex solution
space in the MILP master problem. As for the process unit nodes, the mass
balances are expressed in terms of component flows rather than in terms of
fractional compositions. Finally, the right-hand side in the linearizations of the
process units are modified to ensure that nonzero flows are attained when the
0—1 variable is set to zero.

Y3
by
2 y2
Ys
(a) Superstructure

(b) Initial flowsheet

Y3 y7
Ys

{c) Subsystems

Fic;. 12. Initial flowsheet and subsystems in modelling/decomposition strategy.
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As for the decomposition part of this strategy, the idea is as follows. Suppose
we start by optimizing a particular flowsheet structure. It is clear that we are
able to obtain linear approximations for the master problem of the existing
process units. The question is, then, how to generate an approximation of the
‘‘deleted’’ units in the superstructure. This can actually be accomplished by
suboptimizing groups of units that are tied with existing interconnection nodes.
Since prices (i.e., multipliers) and nonzero flows are available at these nodes,
these can be used to suboptimize the nonexisting units *‘as if they were to exist’’
in the superstructure. This provides not only nonzero flow conditions, but also
points that are often good for approximating these units. An example of how a
superstructure can be decomposed into subsystems to be suboptimized is given
in Fig. 12 for the structural optimization of a process flowsheet. In this way, by
optimizing the first flowsheet structure and suboptimizing the groups of nonex-
isting units, it suffices in subsequent iterations, to optimize the specific flowsheet
that is generated in order to update the MILP. This has two desirable effects: it
solves the NLP for each specific flowsheet, and it reduces the size of the MILP
since only linearizations of existing units are incorporated at each iteration. This
strategy has been automated in the flowsheet synthesizer PROSYN by Kravanja
and Grossmann (1990), where the heat integration is handled through an exten-
sion of the constraints proposed by Duran and Grossmann (1986a), where area
is accounted for with a variable HRAT. It is also important to note that if
the MINLP were to be formulated as the generalized disjunctive programming
problem (DP1), the logic-based algorithms would essentially reduce to the mod-
eling/decomposition strategy, as has been discussed by Turkay and Grossmann
(1994).

B. LARGE Si1zE oF MINLP PROBLEMS

There are several ways to avoid the solution of large MINLP synthesis prob-
lems. One is to rely on a targeting approach in which the solution of the MINLP
is avoided by considering a sequence of design targets that give rise to aggre-
gated models which are simpler to solve. As an example, consider the super-
structure for heat exchanger networks in Fig. 4 (Section 1V). Instead of solving
directly the MINLP associated with this superstructure, consider the following
stategy by Floudas et al. (1986), which has been implemented in the code MAG-
NETS by Ciric (1986) and which mimics the pinch design approach (Linnhoff,
1993):

(1) Determine the minimum utility solving the LP transshipment problem
(see Fig. 7, Section IV).

(2) Given the energy target in step 1, determine the fewest number of units
solving the MILP version of the transshipment model.
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(3) Given the energy target of step 1 and the units predicted in step 2, de-
termine the areas and flows of the superstructure in Fig. 4.

Conceptually, the disadvantage of this approach is that it is not entirely rigorous
as the energy consumption and the number of units and areas are not optimized
simultaneously. On the other hand, the advantage 1s that it involves the solution
of simpler and smaller problems. which are computationally manageable.

Another approach that addresses the reduction of size of the MINLP is the
state space approach by Bagajewicz and Manousiouthakis (1992). The basic idea
of this strategy is to partition the synthesis problem into two major subsystems,
the distribution network and the state space operator. The objective in the former
is to make the decisions related to the distribution of flows in the superstructure,
while the objective in the latter is to perform the optimization for the decisions
selected in the distribution network. At the level of the state space operator one
can consider the process either in its detailed level or simply as a pinch-based
targeting model. While this strategy has the advantage of reducing the size of the
MINLP, itis unclear how to develop automated procedures based on this approach.

A third option to avoid solving a large MINLP problem is to perform pre-
himinary screening to eliminate some of the alternatives that are embedded in
the superstructure, thus reducing the size of the MINLP problem. Daichendt and
Grossmann (1994a,b) have proposed a design strategy for rigorously integrating
preliminary screening and MINLP optimization. The strategy considers the syn-
thesis problem as one in which the superstructure with its corresponding MINLP
model is given. Rather than solving the entire MINLP model, the objective is
to perform preliminary screening to rigorously eliminate a subset of suboptimal
alternatives from the original superstructure to yield a reduced superstructure.
The corresponding reduced MINLP model is to have the same global optimal
solution as the original MINLP model.

The original superstructure is assumed to consist of a set of units j € U, in
which binary variables y; are associated with the existence of these units and
continuous variables d; represent the corresponding sizes of these units. Addi-
tional continuous variables are represented by the vector x, corresponding to the
state variables of the model, and by the vector z, corresponding to the continuous
decision variables that incur linear costs in the objective function (e.g., raw
material flows and energy consumption).

The MINLP problem (P1), corresponding to the original superstructure, is
assumed to have the following form:

min C = 2 {ap;, + fid)) + E('k:k (PP1)
jeu ’ LEK

s.t. h,(vdx,z) <0, neN
d<dy,  jEU

yEY, de D, IE Z, xEeX
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where C is the cost function consisting of a nonlinear fixed charge function for
the structural and design variables, y; and d;, and linear operating costs and
revenues for the continuous variables z,. The equations for mass and energy
balances and inequalities for specifications are represented by the constraints
h(y.dxz) <0, n € N. The inequality d; < d}m ¥; J € U, is a logical condition
that will force the design variable d; to be zero when y; is zero, d'® being a
valid upper bound to d;. Finally, Y is a set of pure O-1 constraints, ¥ = {y | Ay
<a, y € {0,1}"}; and D, X, and Z are bounded sets in the space of positive
real variables.

The strategy for preliminary screening relies on the use of an aggregated
model that generally has a dimensionality less than or equal to that of the orig-
inal model, and that may aggregate the units of the original model into subtasks.
The aggregated model bounds the original model: The costs determined by the
aggregated model underestimate the costs determined by the original model; the
feasible region defined by the aggregated model overestimates the feasible re-
gion defined by the original model; and the aggregated model is formulated as
a problem that can be solved to global optimality, i.e., as an MILP or convex
MINLP problem (PP2), which is defined as follows: .

The continuous variables of the aggregated model, d, £, and Z, are subvectors
of the continuous variables d, x, and z of the original problem:

d
o-[]

where the variables with the bar are the ones excluded from the model. The
binary variables of the aggregated model, ¥, obey the following logic equiva-
lence relationship (when treated as Boolean variables):

~

e Vo ievu (34)
JEU)

where < and \/ represent the logical equivalence and OR operator, and U(i) C
U are subsets of units in the superstructure that are aggregated into subtasks
i€ U Asan example, consider the case of the HENS problem. Hot and cold
stream matches are represented by the binary variables $,., h € H, ¢ € C.
These correspond to aggregated variables of the binary variables y, ., that rep-
resent the units for matches between streams 4 and c in stage k of the super-
structure. It should be noted that when no unit aggregation takes place, U =
U, |UG)| = 1, and $; has a one-to-one correspondence with y;.

The constraints of the aggregated model are linear combinations of subsets
of the constraints of the original problem, N(l) C N:

r$diz) = ;m Nh,(vdxz), 1E€L (35)
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where L is the set of constraints of the aggregated model and N, are scalars for
the linear combinations. To ensure bounding properties, the nonlinear fixed-
charge cost functions of the original model will be underestimated by linear
fixed-charge cost functions:

PALLS +g(d)]<2 (ay; + f(d)] (36)

lC(

Because the aggregated model must rigorously bound the original model, it
must be solvable to global optimality. In this paper the aggregated model is
formulated as an MILP problem (PP2) having the following form:

min C = 2, [bf + gid)] + 2, b (PP2)

i€l ek
strfde <0, IEL
d<d®y., i€l

where K C K since £ is a subvector of . The sets Y, D, X, Z are such that the
feasible space F of (PP2) contains the feasible space of (PP1) projected in the
space (7.d.£7), i.e.. F* C F, where the projection of (PP1) is given by

FP = {3d%2] 0ndxz) € F) (37)

Also, since the cost is underestimated, as given in (36). it follows that

C* < C* (38)

where C* and C* are the optimal solutions to (PP1) and (PP2), respectively.
Thus, since (PP2) can be solved to global optimality because of its formulation
as an MILP (or convex MINLP) problem, its solution provides a lower bound
to (PP1).

It should be noted that deriving an aggregated model of the form of problem
(PP2) is, in general, a nontrivial task, as it requires a basic understanding of the
process as well as a characterization of the nature of the functions that are
involved. Thus, problem (PP2) should be viewed as a conceptual framework
rather than a recipe.

The solution to (PP2) yields a valid lower bound to the optimal solution of
the original MINLP problem (PP1). The efficiency of the preliminary screening
is clearly related to the tightness of the over- and underestimations; i.e., the
closer the representation of the aggregated model is to the original model, the
greater is the potential for problem size reduction. The purpose of the aggregated
model is to generate successive solutions to (PP2) through integer cuts, whose
costs are constrained to be less than or equal to the cost of a base-case design.
The base-case design is a particular selection of units whose cost is determined
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using the original model. Since the base-case design is a feasible solution to
(PP1), it provides a valid upper bound to the global optimal solution of (PP1)
as well as a valid upper bound for the optimal solution for each iteration of
(PP2), because (PP2) is always an underestimation of (PP1). Thus, when no
additional feasible solution can be found to (PP2), preliminary screening is
terminated.

Those units or subtasks that are not selected in any of the solutions are
excluded from the superstructure. Those units that are selected in all solutions
are permanently fixed in the superstructure; or, if the original units are aggre-
gated into subtasks, constraints are imposed on the units that must be selected.
Only those combinations of remaining units or subtasks that are feasible solu-
tions to (PP2) are considered as alternatives for (PP1). The exclusion of certain
units and the fixing of other units or combinations of units produces the reduced
superstructure.

The base-case design can be determined either from the first solution to (PP2)
or by selecting units based on heuristics. These are then fixed in (PPI), which
is solved as an NLP problem. The closer the solution of the base-case design is
to the global optimal solution of (PP1), the fewer solutions that result from
(PP2). Thus, the efficiency, but not the rigorousness, of the preliminary screen-
ing procedure is dependent on the determination of a good base-case design. It
should be noted also that work by the authors is currently under way to integrate
preliminary screening and MINLP optimization within a hierarchical decom-
position framework.

C. HANDLING NONCONVEXITIES

One of the difficulties in the application of NLP and MINLP optimization
techniques in process synthesis has been the fact that these problems are often
nonconvex, and hence give rise to multiple local solutions. Although such tech-
niques as simulated annealing might help to locate global or near-optimal so-
lutions, they have the drawback that, aside from not being rigorous, they may
require a very large number of trials, which in the long term will not help for
handling process models that are relatively expensive to evaluate. Two major
strategies for handling nonconvexities in synthesis problems are the reformula-
tion of (MINLP) to an MILP model and the rigorous global optimization of
nonlinear problems that exhibit special structure. We briefly describe these strat-
egies here.

In order to derive an MILP approximation to problem (MINLP) (Papoulias
and Grossmann, 1983c¢), the continuous variables x are partitioned as follows:
(39

X = | e

X
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in which z is the vector of operating conditions that gives rise to the nonli-

nearities (e.g. pressures, temperatures, split fractions, conversions, etc.), and x°
is a vector of material, heat and power flow variables. In this way, given a fixed
value of z“, the nonlinear equations, which are assumed to be only a function
of x. reduce to a subset of linear equations; that is,

hx) =0 = Ex“=c¢e 40
in which the matrix of coefficients £ and the right-hand side e are functions of
U EE. e(zY).

Since, in general, more than one fixed value for the variables :“ are consid-
ered, this requires the introduction of the additional 01 variables v/ to represent

the potential selection of the discrete operating conditions. In this way, the
general form of the MILP approximation will be as follows:

min C = a,"y + a,"v + b'x¢

st En' + Eax’ = ¢ (MAPP)
DL\‘ + D:)‘d + D3x“ S (1
v,y =01 X220

It should be noted that the derivation of the above problem generally requires
the disaggregation of the vector of continuous variables x* in terms of the dis-
cretized conditions. To illustrate this point more clearly, consider the simple
splitter shown in Fig. 13. The corresponding mass balance equations for each
component / are as follows:

£r=nfr (41)
== (42)
where 7 is the split fraction for outlet stream 1. Note that Eq. (41) is nonlinear
(in fact bilinear), and despite its simplicity it is a major source of nonconvexities
and numerical difficulties.

Now assume that we consider N discrete values of , 9, k = 1, 2, ... N.
Then if we disagggregate the flow for the inlet stream as f™*, k = 1, 2, ... N,
and introduce the 0-1 variables v**, k = 1, 2, ... N, equations (41) and (42)
can be replaced by the linear constraints

N

=3 mn )

A ) k=1.2....N (44)
N

2 .“xl,k =1 (45)

= -f (46)
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fi

FiG. 13. Stream splitter.

While the nonlinearities are eliminated, it is clear the number of discrete and
continuous variables is increased as well as the number of constraints. Also, in
the general case the definition of the matrix of coefficients and the right-hand
sides of problem (MAPP) requires an a priori evaluation or simulation of non-
linear models.

Extensive reviews on global optimization can be found in Horst (1990) and
Horst and Tuy (1990). In this section we present a summary of a global optim-
ization method that has been developed by Quesada and Grossmann for solving
nonconvex NLP problems which have the special structure that they involve
linear fractional and bilinear terms. It should be noted that global optimization
has clearly become one of the new trends in optimization and synthesis, and
active workers involved in this area include Floudas and Visweswaran (1990),
Swaney (1990), Manousiouthakis and Sourlas (1992), and Sahinidis (1993).

The special class of NLP problems considered by Quesada and Grossmann
(1995b) has been motivated by heat exchange networks and separations prob-
lems. These can be represented in general as follows:

min g
st. /<0 =1, .,L (NLP)
where
Xi
G =X 2T =2 X cpxy thixy 2, =01, ..L
i€l jE Yy, ier jer
L <<t
yr<y<y
ze€e”Z

As shown above, the objective function and the constraints generally involve
linear fractional and bilinear terms corresponding to the two summation terms,
while the last term Afx, v, z) is assumed to correspond to a convex function.
This type of problem arises, for instance, in the optimization of heat-exchanger
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networks (linear area cost, arithmetic mean driving force, isothermal mixing;
see Quesada and Grossmann, 1993) and in the case of synthesis of sharp sep-
aration networks with mixed products (see Quesada and Grossmann, 1995a).
The difficulty involved in solving these NLP optimization problems is that a
straightforward application of common local search methods is generally not
rigorous. Conventional NLP algorithms can not only produce local solutions
that are suboptimal, but also may fail to find a feasible solution owing to the
nonconvexities of the constraints.

In the method proposed by Quesada and Grossmann (1995b), the main idea
is to replace the bilinearities and linear fractional terms by valid under- and
over-estimators which will yield a convex NLP (or LP) whose solution provides
a lower bound to the global optimum. Consider, for instance, fractional terms
with positive coefficients. By introducing the variables r;, we can express the
fractional term as the constraint

ry V2 X ieljel 47)

which is nonconvex. Valid linear over-estimators, which were suggested by
McCormick (1976) for this constraint, are given by.

X<y oty =yttt iEeLjeld (48)

x; < .\j,Lr,:,- + iy — _\'J-Lr]j“ ieljeJ (49)

where x;", x.", _vj-"‘. v r,jL, r;" are valid lower and upper bounds of the variables.
In addition. Quesada and Grossmann (1995b) showed that the nonlinear convex

constraint

Yy Yiooy

r(,2%+x,L<l——%) ienjel (50)
can be used as a valid underestimator. The interesting feature of (50) is that it
is a stronger constraint than (48) and (49), provided rt r; are given by the
bounds of x; and v,. In fact, when these bounds are obtained by the optimization
of individual variables in (NLP). it is also possible to generate projected bound-
ing constraints which can serve to tighten the representation of the NLP.

The proposed method then consists in reformulating problem (NLP) in terms
of valid linear and nonlinear bounding constraints such as in (48)—(50), giving
rise to a convex NLP (or LP) problem which predicts valid lower bounds to the
global optimum. If there is a difference between the current upper and lower
bounds, the idea is to partition the feasible region by performing a spatial
branch-and-bound search. The major steps in the global optimization algorithm
by Quesada and Grossmann (1995b) for NLP problems involving linear frac-
tional and bilinear terms are as follows:

Step 0. Initialization step

{a) Set the upper bound to f* = = the tolerance e is selected.
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(b) Bounds over the variables involved in the nonconvex terms are obtained.
For this purpose, specific subproblems can be solved or a relaxation of
the original problem is used. Update the upper bound f*.

(c) Define space W, as a valid relaxation of the feasible region in the space
of the nonconvex variables. The branch-and-bound search will be con-
ducted over W,. The list F is initially defined as the region W,,.

(d) Construct a convex underestimator problem (CU,) by replacing the non-
convex terms in the original problem with additional variables and intro-
ducing valid convex approximations of these nonconvex terms. Valid
constraints that were not present in the original problem because they
were redundant can be included to tighten the convex relaxation.

Step 1. Convex underestimator problem

(a) Solve problem CU_ over the relaxed feasible region W,. The solution
corresponds to a valid lower bound (f“) of the global optimum. The actual
objective function is evaluated if this is a feasible solution; otherwise,
the original problem is solved using the convex solution as the initial
point. Update the upper bound.

(b) If (f* — f1) < e f*, stop; the global solution corresponds to f*.

Step 2.  Partition

From the list F, consider a subregion W; (generally the region with the smallest
fL is selected) and divide it into two new subregions W, | and W,,,; these are
added to the list F and subregion W; is deleted from F.

Step 3. Bounding

(a) Solve problem CU for the two new subregions.

(b) If the solutions are feasible, evaluate the actual objective function. Oth-
erwise, the original nonconvex problem can be solved according to a
given criterion.

Step 4. Convergence

Delete from list F any subregion with (f* — f-) < e f*. If list F is empty, stop;
the global optimum is f*. Otherwise, go to step 2.

The global optimization algorithm described above uses a spatial branch-and-
bound procedure (steps 2 to 4). Like many branch-and-bound methods, the al-
gorithm consists of a set of branching rules, together with upper bounding and
lower bounding procedures.

The branching rules include the node selection rule, the branching variable
selection, and the level at which the variable is branched. A simple branching
strategy is as follows. The node with the smallest lower bound is the node
selected to branch on, and two new nodes are generated using constraints of the

type
xX; = x* and x; < x;* (51)



224 IGNACIO E. GROSSMANN

Different strategies can be used to do the branching. These include generating
more than two nodes from a parent node, using different types of branching
constraints or different node selection rules. For the latter, we can use some
type of degradation function similar to the one used in branch-and-bound pro-
cedures for MILP problems.

Additional criteria used in branch-and-bound algorithms for MILP problems
can be extrapolated to the global optimization case. These include the fixing of
variables. tightening of bounds, range reduction, etc. (see Sahinidis, 1993). One
main difference between the branch-and-bound procedure used for binary vari-
ables and the spatial branch-and-bound search used here is the fact that it might
be necessary to branch more than once on the same variable. When the selection
rule involves more than one variable within a small range, it is often useful to
branch on a variable that has not been used previously. even though it may not
be the first candidate.

Information of the convex underestimator problem can be employed to select
the branching variables. At this point, only the difference between the convex
solution and the actual value of the functions is used. It is also possible to
consider dual or second-order information or to generate small selection sub-
problems (Swaney, 1990). With respect to the upper bound, there are two cases.
In the first case. when the feasible region of the original problem is convex, the
evaluation of the original objective function at the solution of the convex un-
derestimator problem often provides a good upper bound. In the second case,
when the feasible region is nonconvex. it is sometimes necessary to obtain an
upper bound through a different procedure, since the solution of the convex
underestimator problems might be infeasible for the original problem. In some
particular cases, it may be better to use a specialized heuristic to obtain a good
upper bound. In general. however, it is necessary to solve the original nonconvex
problem to generate an upper bound. As pointed out in Quesada and Grossmann
(1995a.b) the solution of the convex underestimator problem provides a good
initial point to the nonconvex problem.

Vill. Applications

As was described in the review of previous work, over the last ten years
MINLP optimization models have been reported for the synthesis of process
flowsheets. heat-exchanger networks, separation sequences, reactor networks,
utility plants. and design of batch processes. Rather than describing in detail
each of these works. we will briefly highlight several examples from our re-
search group at Carnegie Mellon to illustrate the capabilities and the current
limitations of the MINLP approach.
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First, we present a small example from the MINLP model by Yee er al
(1990b) for the synthesis of a heat-exchanger network for the stream data given
in Table IV. If the MINLP model (21)—(29) is solved with two stages (see Fig.
5) and with a code such as DICOPT++ (Viswanathan and Grossmann, 1990),
we obtain the design given in Fig. 14. Note that that design requires neither
heating nor cooling. On the other hand, the network involves stream splitting
which is not always attractive from a practical point of view as this requires the
additional investment of a control valve and a potentially more complex oper-
ation. One can easily generate a network structure with no stream splitting by
adding the inequalities that allow at most one heat exchange for each stream in
each stage. The resulting solution is shown in Fig. 15. Note that the new struc-
ture requires heating and cooling, although in small amounts. Nevertheless, the
network now consists of four instead of three units, and the cost penalty for not
having stream splits is of the order of 15% ($94,268/year vs. $82,491/year).
This example shows that by imposing discrete constraints, one can synthesize
several network structures with which one can assess different designs with other
criteria such as complexity, operability, etc.

As a second example we present the synthesis of a 10-stream problem (5 hot
and 5 cold), using the program SYNHEAT (Bolio er al, 1993) which imple-
ments the MINLP method by Yee et al. (1990b) with DICOPT+ +. The size
of the MINLP model is 135 0-1 variables, 376 continuous variables, and 536
constraints. The solution, which is shown in Fig. 16, required about 5 minutes
on a VAX-6325. It should be noted that the solution to this problem was sim-
plified by the various exchangers that are assigned only to utilities.

As a third example, consider the HDA process studied extensively by Doug-
las (1988). The superstructure for this process is shown in Fig. 17, which is
based on a preliminary qualitative analysis of alternatives described in Douglas
(1988). Given the basic options considered for the selection of reactors and the
use of membrane separators, as well as a restricted set of alternatives for the

TABLE 1V
DATA FOR ONE-HOT/TWO-COLD STREAM PROBLEM
TIN TOUT Fep h Cost
Stream (K) (K) (kW/K) (kW/h m K) ($/kW-year)
Hl 440 350 22 2.0 —
C1 349 430 20 20 —
C2 320 368 7.5 0.67 —
Si 500 500 — 1.0 120
Wl 300 320 — 1.0 20

Note. Minimum approach of temperatures (EMAT) = 1K. Exchanger cost = 8,600 +
670 (Area)™0.83.
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ct
349
(20)
1 361.5 2
(20.6) 320
.5
430
H1
440 e 361.7 s 350
22)
3543
. LT\
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Total Heat Exchangers Area = 182.9 m2
Utllities:

Costs:
Investment = $ 82, 491.6 per year

Total = § 82,491.6 per year

FiG. 14, Optimal network with no constraints on split streams.

separation and recycle. it is a relatively simple task to develop the superstructure
representation, which has embedded close to 200 different flowsheet configu-
rations. In this case. the simplified nonlinear models were used to model the
problem as an MINLP, which involves 13 0-1 variables, 672 continuous vari-
ables, and 678 constraints (140 nonlinear equations, 567 linear equations, 71
linear inequalities). Using the starting configuration shown in Fig. 18, the op-
timal solution, which is shown in Fig. 19, was obtained with both the M/D
strategy and with the AP/OA/ER algorithm. Note that the profit is increased
from $4.814,000/year to $5,887,000/year. The M/D strategy required 2 minutes
of CPU time (IBM-3083), while AP/OA/ER required 8 minutes; both took two
major iterations. This example shows that computational savings can be
achieved with the M/D strategy and that the economic improvements obtained
in structural optimization can be very large.
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C1 Cc2
349 320

H1

@)

Total Heat Exchangers Area= 165.4 m2

Utlities:
Heaters heatload = 52.1 Kw
Coolers heatload = 52.1 Kw
Costs:
Utilites = $ 7,293.4 per year

Investment = $§ 86,975.8 per year

FiG. 15. Network structure with no stream splits.

As a fourth example, consider the simultaneous optimization and heat inte-
gration of the flowsheet superstructure in Fig. 12 which has 16 embedded flow-
sheet alternatives. The M/D strategy implemented in PROSYN was applied to
this problem. The resulting MINLP formulation contains 293 constraints, 279
continuous variables, and 8 binary variables. This example problem was solved
with PROSYN for the three following cases: (a) MINLP optimization with no
heat integration, (b) simultaneous MINLP optimization and heat integration us-
ing the model by Duran and Grossmann, (c) simultaneous NLP optimization
and heat integration with HEN costs for the optimal structure obtained in case
(b). For cases (a) and (b), the OA/ER algorithm was terminated based on the
progress of the NLP solutions, since higher bounds on the profit were obtained
from the MILP master with the proposed deactivation scheme for the lineari-
zations of the splitter in the recycle. The OA/ER algorithm requires two NLP
subproblems to confirm that the initial flowsheet in case (a) is the optimum. In
case (b) it requires three NLP subproblems to find the structure in Fig. 19. This
clearly indicates that the quality of the information supplied to the MILP master
problem by the M/D strategy is good.
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PROFIT = 4.814 M$/yr
FiG. 18. Initial flowsheet for HDA process.
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Fic. 19. Optimal flowsheet from HDA superstructure.
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First consider case (a) when only the MINLP optimization of the superstruc-
ture is performed without heat integration. The optimal flowsheet is ' =
{1.0,0.1.1,0,0.1} with annual profit of 794.000 $/year. It utilizes the cheaper
teedstock F1, two-stage feed compression. cheap reactor R1 with low conver-
ston, and a two-stage compressor for the recycle. If costs of the HEN (which
are quite significant) are subsequently calculated and added to the profit, the
result is a loss of 1,192,000 $/year. When heat integration is simultaneously
performed in the MINLP optimization of the superstructure (Duran and Gross-
mann, 1986b). the results are much better at first glance. The optimal flowsheet
in Fig. 20 yields an annual profit of 3.403,000 $/year (2,609,000 $/year more
than for the nonintegrated flowsheet). The difference in the new flowsheet lies
in the selection of single-stage compressors for the feed and the recycle. Also,
almost all operating conditions change significantly since the trade-offs between
heat integration (consumption of steam and cooling water), electricity, and con-
sumption of feedstock are now appropriately established. As seen in Table V,
energy is recovered within the process. so no expensive heating utility is re-
quired. The overall conversion of B is increased from 58.3 to 63.7%, and the
reactor operates at 2.5 MPa instead of 7.05 MPa as in case (a). Because of the
relatively small vertical driving forces and the gas—gas matches, however, the
HEN costs are very high, so that annual profit when these costs are added to
the expenses reduces —292,000 $/year. In order to consider the HEN costs, the
approach suggested by Kravanja and Grossmann (1990) was applied, yielding
a profit of 1,679.000 $/year. As can be seen from Table V, the operating con-
ditions again undergo considerable changes. The most significant differences are
a further increase in the overall conversion to 66.04%, elimination of the preheat
of the reactor feed (gas—gas matches with small temperature driving forces), and
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FiG. 20. Optimal flowsheet with heat integration from superstructure in Fig. 12.
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TABLE V
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TECHNICAL AND EcONOMIC RESULTS FOR EXAMPLE OF FiG. 20

MINLP Heat integration Heat integration
only Duran-Grossman HEN costs
Flows, kg-mol/s
Fi 6.176 5.648 5.451
F2 0 0 0
Purge rate, % 14.5 14.6 19.7
Reactor
Pip, MPa 7.048 2.500 4.377
Pou, MPa 6.343 2.250 3.939
Tous K 378 430 419
T K 332 379 356
Conversion of B 255 25.4 29.4
Per pass, %
Volume, m’ 55.7 49.1 67.7
Flash separation
P, MPa 6.343 2.250 4377
Tow K 378 310 310
Utilities
Electricity, MW 3.718 1.798 2.78
Heating, steam, 10° MJ/year 0.114 0 0
Cooling, water, 10° MJ/year 1.566 0.834 1.05
Other
Overall conversion of B, % 58.92 63.7 66.04
Load of HEN, MW 54.9 71.5 48.0
Earnings, 10° $/year
Product 8000 8000 8000
Byproduct 1513 1341 1309
Expenses, 10° $/year
Feedstock capital investment 4632 4236 4088
HEN 1986 3695 1173
Other 1131 659 925
Electricity compress 948 459 709
Heating utility 912 0 0
Cooling utility 1096 584 735
Annual profit, 10° $/year
Without HEN costs 794 3403 2852
With HEN Costs -1192 -292 1679

selection of the reactor pressure at 4.377 MPa, which lies between the pressures
of cases (a) and (b). Note that the HEN costs are significantly reduced (see Fig.
21) while other capital and utility costs increased (electricity and cooling) to
yield a profit increase of 2,871,000 $/year when compared to case (a) where no
heat integration was considered, and an increase of 1,971,000 $/year compared
to case (b). This clearly shows the importance of anticipating the heat integration

in the synthesis stage with both utility and investment costs.
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T With HEN Costs
K ‘ verssrnnsnnan  Without HEN Costs
440 -
380 =
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16 32 48 64 80 MJ

Fic. 21. Composite heating and cooling curves for alternative solutions.

As the next example, we consider the synthesis of a network of sharp sep-
arators for the specifications given in Fig. 22. The objective function considered
is simply a linear function of the total flows. As shown in Quesada and Gross-
mann (1995a), the optimization of the corresponding superstructure corresponds
to a nonconvex NLP with bilinear constraints (flows times compositions and
flows times splits)—one for which a special LP underestimator function can be
derived. This method, which has been automated in the program GLOBESEP
developed by Bolio et al. (1994), produced the global optimum configuration
given in Fig. 23. The global optimum solution with an objective value of 159.48
was determined by analyzing a total of seven nodes in the branch and bound
search, solving seven LP underestimators and six NLPs. The global optimum
was confirmed within a tolerance of less than 0.1%. It is interesting that the
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FiG. 22. Synthesis of S-component separation network.
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Fi1G. 23. Global optimum separation network with objective 159.48.

initial lower bound that is predicted is rather tight, and that there is at least
a second local solution with objective 162.36. This problem, which involved
225 continuous variables, was solved with GLOBESEP in less than 10 sec-
onds of CPU time on an IBM RS6000 using the GAMS/MINOS optimization
software.

As the final example, we consider the preliminary screening procedure by
Daichendt and Grossmann (1994a,b) that was applied to the MINLP model and
superstructure for heat-integrated distillation sequences of Floudas and Paules
(1988). The superstructure is given in Fig. 24. The problem involves the sepa-
ration of a simple ternary mixture into 98%-pure components using sharp splits
and adiabatic columns. The problem was aggregated into an MILP as described
in the previous section. The base-case design is determined by the initial solution
to the MILP, yielding a lower bound to the global optimal solution of the
MINLP. Furthermore, the actual costs corresponding to the selection of units
and operating conditions can readily be calculated, yielding an upper bound to
the global optimal solution. The DICOPT++ implementation for solving di-
rectly the MINLP involves 18 binary variables, 77 continuous variables, and
143 constraints. This can be compared to the aggregated MILP model, which
involves 18 binary variables, 117 continuous variables, and 223 constraints. The
base-case solution consists of columns 1 and 3, with the distillate of column 3
(376 K) heat-integrated with the bottoms of column 1 (361 K). Low-pressure
steam (421 K) is used to heat the reboiler of column 3 (396 K), while the less
expensive exhaust steam (373 K) is used to supply the additional heat required
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Fi1G. 24. Superstructure for heat-integrated distillation sequences.

for the reboiler of column 1. Cooling water (305-325 K) is used for the con-
denser of column 1 (342 K). The optimal sequence is shaded in Fig. 24. The
lower bound to the global optimal solution is $464,500/year. The upper bound
is determined to be $466,800/yr. Therefore, the global optimal solution is
bounded to within 0.5%.

Solving this sequence as an NLP yields an optimal solution of $466,600/
year. No feasible alternative solution to this problem could be found during
preliminary screening, so the base-case design corresponds to the optimal con-
figuration. In contrast, the full MINLP when solved with DICOPT++ con-
verged to a suboptimal solution of $763.600/year (64% more expensive) using
default NLP parameter settings, and $502,100/year (8% more expensive) using
the modified NLP parameter settings. Although the DICOPT+ + implementation
does not converge to the same solution, we note that determining a base-case
design and performing preliminary screening yielded a reduction of 41% com-
pared to the computation time required with DICOPT+ + using the default
settings (8.1 s), and 51% using the modified settings (9.8 s). This example
indicates the extent to which preliminary screening can be used to obtain tight
bounds to the global optimal solution of the original MINLP problem, thus
yielding a measure of confidence to the goodness of the solution.
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IX. Concluding Remarks

We have presented an overview of algorithmic methods for process synthesis
which rely on MINLP techniques. From this overall review, it is clear that
considerable progress has been made over the last decade. Heuristics and ther-
modynamic targets, which have been dominant in the past, offer some valuable
insights and motivate higher level representations for process synthesis. How-
ever, they do not provide a systematic framework for the modeling and decision
making in process synthesis. In contrast, the mathematical programming ap-
proach offers a formalization and a basic modeling framework for simultaneous
optimization in which trade-offs and interactions are systematically accounted
for. Futhermore, the mathematical programming approach is more suitable for
producing automated tools owing to the general mathematical representations
that are used. At this time, we have reached a stage in which the modeling and
solution of MINLP problems have become fact—especially with the increased
computational power that is now available. Furthermore, the mathematical pro-
gramming approach has increasingly been adopted by researchers in process
systems over the last five years. This is not to say, of course, that MINLP
optimization techniques are without their difficulties. Several of the outstanding
problems that require attention for future work are the following:

(1) Integrating approaches: Clearly, a major question that remains is how
to combine the heuristic search, mathematical programming and targeting
approaches in such a way that the integration is conceptually consistent and
rigorous, while yet exploiting the strengths of each approach. At the root of
this problem lies the question of how to perform preliminary screening to
eliminate alternatives, but within a rigorous multilevel design framework. In
addition, the point below on aggregated models needs to be addressed to
support this integration.

(2) Developing superstructure representations at various levels of abstrac-
tion: We should not view general design targets or aggregated models and
fairly detailed process superstructures as different representations that are
unrelated. Rather, they should be viewed as representations at different levels
of abstraction in which the feasible space of the target model contains the
feasible space of the superstructure. It should be interesting and useful to
systematically aggregate detailed superstructure models, and vice-versa, to
decompose target models that can be mapped to detailed flowsheets.

(3) Generating novel superstructures for process flowsheets: While for most
homogeneous systems it is possible to postulate a general superstructure for
analyzing the alternatives of interest, it is largely unclear how to systemati-
cally generate superstructures for process flowsheets involving different types
of processing tasks or nonlinearities which give rise to infeasibilities that are
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nontrivial to predict (e.g., azeotropic distillation). Furthermore, there is a need
for considering representations that may lead to process intensification (e.g.,
integration of separation and reaction) and that may accommodate more read-
ily the choice of different chemistries.

(4) Finding new applications for process synthesis: Most of the research
work in synthesis has been aimed at conceptual flowsheets of continuous
processes. There is a clear need to integrate the selection of chemical path-
ways in process synthesis (Douglas, 1990; Knight and McRae, 1993) as well
as to consider the design of molecules (Maranas and Floudas, 1993). For
example, the piping layout design (Guirardello and Swaney, 1993) has re-
ceived limited attention, despite its importance. Also, work in the synthesis
of batch processes is starting to emerge (Klossner and Rippin, 1984; Reklai-
tis, 1990: Papageorgaki and Reklaitis, 1990; Voudouris and Grossmann,
1993; Charalambides et al., 1993).

(5) Reducing combinatorial search: In order to make mathematical program-
ming tools useful for industrial problems, it is important that large combi-
natorial problems be handled effectively (this, of course, also includes large
continuous models). The challenge here lies in accomplishing this goal with-
out sacrificing optimality. New developments in MINLP algorithms are re-
quired for methods that can exploit more explicitly the logic and qualitative
knowledge of a synthesis problen, making effective use of new ideas in poly-
hedral theory and new developments in advanced computer architectures.
(6) Developing global optimization methods: In most cases, the MINLP or
NLP models for process synthesis involve nonconvexities in the continuous
variables. which may give rise to several local or suboptimal optima. The
difference between these solutions may be largely due to the expanded space
of alternatives in these problems. Automating synthesis procedures that will
sometimes produce poor solutions is obviously not satisfactory. Therefore,
we need to develop global optimization methods that are both relevant to
process synthesis problems and, preferably, rigorous in nature.

(7) Hundling of rigorous models: In order to make synthesis techniques more
applicable and relevant to industry, it is important that these techniques be
either capable of explicitly handling complex process models or at least in
some sense compatible with these modeis (e.g., in terms of bounding
properties).

(8) Svnthesizing of process systems with multiple objectives: Given the im-
portance and potential impact of early design decisions in synthesis, it is
highly desirable to develop computational frameworks that allow the evalu-
ation and determination of trade-offs for a number of different attributes.
Besides traditional economic measures, these include operability, safety, and
environmental aspects.
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Although these questions remain largely unanswered at this point, there is
no doubt that over the next decade we will see some exciting developments
along these lines.
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